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What is Statistics ?

e a problem of probability calculus: it
p = 1/2 for having head in tossing
a coin, what is the probability to
have in 1000 coin tosses less than 450
heads?

e the same problem in statistics: if
in 1000 coin tosses 450 heads have
been obtained, what is the estimate
of the true head probability?

Statistical error: s ~ o

14 o =500.0 £ 15.8 ~ 500 + 16 = [484, 516
r £ s =450.0 + 15.7 ~ 450 + 16 = [434, 466]



Statistics

We have 2 inferences

e parameter estimation: to estimate
p from 1000 coin tosses

e hypothesis testing: in in two exper-
iments of 1000 coin tosses 450 and
600 tosses have been obtained, how
much is probable that the two ex-
periments use two consistent coins?

Parametric Statistics: the probability
depends on 6:

E(0) = (S, F, By)
corresponding to a density
P{X € A} = |, p(z;0)dx



The hystorical path

FREQUENTISTS

BAYESIANS

1763

Thomas Bayes writes
a fundamental paper.
Bayesian age

1900

1910

1937

1940

Karl Pearson proposes

the y? test
Robert Fisher invents
Maximum Likelihood

The J. Neyman frequen-

tist interval estimate

The Hypothesis testing

of Pearson.
Frequentist age

The Popper scheme
Frequentist teaching

1990 rediscovering of
the bayesian works of
Jeffreys, De Finetti
and Jaynes

now the debate is open: see the CERN Workshop

on Confidence Limits

(Geneva 2000)
neo-Bayesian age”
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i EEYEWNE N [d Workshop

on
Statistical Issues for LHC Physics

This Workshop will addfess

statistical topics relevant for LHC Physics
- analyses.Issties related to discovery,"and
~the associated problems arising front
systematicincertainties, will feature
- prominently.

Conference secretaries

Further information and registration at hitp://cem.ch/phystat-Ihc



Physics and Statistics

e Higgs mass
(PDG 2000):

m > 95.3 GeV,CL = 95%

e |V mass:

myy = 80.419 4 0.056 GeV

These are
confidence intervals



Frequentist Confidence
Intervals

One (Neyman, 1937) starts from
probability calculus

Lr2p(r;0)de = CL

and the procedure is repeated

CL =90%

for all the possible 6 values



Frequentist

confidence
intervals
0,
It is possible to show: that 5
- v
X € [$1,;'Ug] iff © € [91,92]
Since x

P{X (S [:Ilhillg]} = (C'L

then
P{@ - [91192]} =CL
Fundamental Neyman result (1937) 9



Cut and top views
of the Neyman construction:

El;{ __________
b A CL

o True va

______ / : : ~
el{ f@ ; i (zex also PDG)

);1 X X_l
{Blci: B = BZ ] =P[X.1'=X < xz }: (?L

X= X1 > 0,<0<0 X= X > 0<0<0,
0;< 0<6, when x;<Xx<x,

P(6< 6<6,) = P(x; < x<x,) = CL
10



0 ~~ 0 NEYMAN
1 2 INTEGRALS
Important:
frarjg p(0;z)df = CL
— Elementary statistics
T may be

WRONG!!

11



Pivot quantities

Avoid the calculation of the integrals
[ip(x;0)dz = ¢

If Q(z;0) is pivotal, P{Q € A} is inde-
pendent of 6. Example:

Q= (X—-6)~N(0,0°
Method:
o find P{ <Q < ¢} =CL;
e invert the equation:

Qz;0) =g — 80 =T(z;q)
Because P{Q} does not
e Then: contain the parameter!

Pl < Q< g} =P{T1 <0<Th} =CL

P{p—0 < X <pto}=P{-0 < X—p <o}
=P{X-0<pu<X+0} 12



Estimation of the sample mean

[l N
Var[M] = Var N z X;| = e g Var[ X;]
since Var[X;]| = o? Vi,
B N 5 .-:r'?
Var[M| = e 1Elaz:r ENU N

Due to the Central Limit theorem we have a pivot quantity
when N>>1

u— M
o/vVN

~ N(0,1)

Hence:
P

(N > 20 — 30) :

i/ﬂ } P{ﬂf—%gggﬂer\/%}

a S

—Mm*t——u=m=x
I H N

C'L ~ 63%
VN ’

13



Hence, we have three methods to find confidence
intervals with the Neyman (frequentist) technique:

* Graphical method (Neyman band) //7

0, ~

X

*Analytic with the Neyman Integrals

(Clopper Pearson method) A /\

- Inversion method (pivot variable) ~

Pip—o <X <pto}=P{-0 < X-p <o}
=P{X-0<pu<X+0} 14



Counting experiments

P< <t >>CL

W,

G[X]
CL is the asymptotic probability the interval will contain the true value

COVERAGE is the probability that the specific experiment does contain
the frue value irrespective of what the true value is

On the infinite ensemle of experiments, for a continuous variable Coverage
and CL tend to coincide

In counting experiments the variables are discrete and CL and Coverage
do not coincide

What is requested is the minimum overcoverage



Counting experiments: Binomial case

t=1, area 84%
= = Quantile a=0.84
P{l o pl Sta }_ PJ | o pl Sta }:CL P[|f-p|<1’ 0']3 68%
olp] \/p(l— p)
q n
o
t 1s the quantile of the normal distribution
t
2 . 00
f +E t t + fa-1) L
| f—p] n 4An?2 n Wilson interval
: S|t —— p=p— 2 o (1934)
\/p( —P) —+1 —+1
n n n

n>> fd-1) Wald (1950)
—> p=Ff+ ta\/ Standard in Physics



Counting experiments: Poisson case

Wilson interval (1934)

X — \ t2 t2
| ’U‘St »=CL—> pu=x+=-zxt, \/X+—

\ Ju J 2 4

Wald (1950)
Standard in Physics




Why to complicate all this?

nalf standard

,W ...... ........ ........ ........ ........ ........ ........ .......

0.85
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0.75

0.7
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Why to complicate all this?

n>>1

naif standard

0.9+

0.85

1?%Q;mm?mmmmm€m_mmmm?mmmmm?mmmmm_

— E E B 5
ugs R T e e I, Mmoo MM
= v ' ™ v

n=20

19



small samples

... first difficulties ....
there are no pivot quantities:

L
T 9 X T
| \ﬂ
true value /j measured value

n (n ek
kgx(k)p;f(l_pl) : — C1, p
z (n ek
kgﬂ(k]pfﬁ(l—pz) =0

Symmetric case: ¢; = ¢, = (1 —CL)/2 =
a/2.
When z =0,z =n,¢ci=c=1—-CL:

r=n = pi =1-CL,
r=0= (1—p)"=1-CL.

all the attempts had success:
p=VvV1—-CL pe€lp,]]

110 SucCcess:

p=1—-VvV1-CL pel0,p 20




The 90% CL gaussian upper limit

/

90% area

10% area

Observed
value

Meaning I: with this upper limit, values less than the
observed one are possible with a probability <10%

Meaning II: a larger upper limit should give values less
than the observed one in less than 10% of the experiments

Meaning III: the probability to be wrong is 10% 21



Poisson Limits
k ;

C'Cl o ﬂ}' o
Z “Lexp(—m) =c1, > T2 exp(—p2) = ¢,

symmetric case: ¢; = (:2 = (1—-CL)/2.
Upper Limits to the mean number of
events having obtained r events:

k

Z Eexp(—,u,g) =1-CL .

For z = (], 1,2, where pus = u
et =1-CL,

et +pue ™ =1-CL,
12
e "+ pue ™+ ?e_’“’ = 1-CL
90% 95%
2.30 3.00

3.89 4.74

90% 95%
10.53 11.84
11.77 13.15
5.32 6.30 13.00 14.44
6.68 7.75 14.21 15.71
7.99 9.15 |10 15.41 16.96
9.27 10.51|11 16.61 18.21
When p > 2.3, one con observe no events but
in a number of experiments < 10%.

[ | ST U N T T e
O oo 3 B




The Bayes formula
P(By|A)P(A) = P(A|By)P(By)

if B are disjoint and cover the set S,
P(A) = 3. P(A|B)P(B;)

then P(Bi|A) can be written as:
P(A|By)P(By)

P(BHA) — n 3
P P(A|B;)P(B;)

P(A) >0 .

23



The trigger problem

P(T|x)=0.95 prob.for amuontogivea trigger
P(T |7)=0.05 prob.for apiontogive atrigger
P(x) =0.10 prob. to be a muon

P(7) =0.90 prob. to be a pion

P(z|T)  prob.that the triggerselectsa pion
P(¢|T) prob. that the triggerselectsa muon

The probability to be a muon after the trigger P(u|T):

P(T | w)P(1) 0.95%x0.10

= =0.678
P(T | w)P(u)+P(T | 7)P(r) 0.95x0.10+0.05%0.90

P(u|T)=



10.000 particles

.‘/ prior \
9000 T

/ | ,
\Tr'lgger' trigger

enrichment 950/(950+450) = 68%
Efficiency (950+450)/10.000 = 14%




Bayesian use of
Bayes formula

The Bayes formula is employed start-

ing from
subjective probabilities
P(data|Hy)P(H
P(Hy|data) = - datal Hi) P(Hy)
'Zl P(d&td|Hﬂ)P(Hﬁ
p=

important step,
P(H|data) — P,_1(H})
iteration:
P(E,|Hy)Po-1(Hy)

Pn(HklE) — n
;1 P(Enlﬂi)Pn—l(Hi)

’

26



The gambler problem
Bayesian approach
P(Win|C) =1 P(Win|H) = 0.5

Problem: to find the probability that the gam-
bler is cheat, as a function of the number of
consecutive wins {IW, }

P(H) = P(H|W,), P(C)= P(C|W,) P(H)=1-P(C)

Iteration:
P(W,|C)P G|H}ﬂ 1
P(W,|C) P(C|W,_,) + P(W,|H) L — P(C|W,_,)]

that is/?
(C'|Why_y

P(C|W,) =
(C1Wn) = P(C|W,_, +05[1— (C[Woy)]

P(C)/n|5 10 15 20
Bayes: 1% 24 91 99.7 99.99

5% 63 98 99.94 99.998

50% 97 99.9 99.997 99.999

(C|W,) =

27



The gambler problem
Frequentist approach

Let us suppose 15 cosecutive wins

Hypothesis testing:
The null hypothesis H, (honest player) gives a
significance level (p-value in this case)

0.5 = 3.05107°

The probability to be wrong discarding the hy-
pothesis is less then 0.003 %.
The player is cheat.

Cheat probability estimation:
with n = 15 and CL = 90% the probability is

p=(0.1)"" = 0.86 .

With a “cheat probability” p < 0.86 it is possi-
ble to win for 15/15 times, but in a percentage

of plays < 10%
0.86 <p<1 C'L = 90%

28



The gambler problem
Frequentist approach

Black: hypothesis testing
Red: probability estimation

These conclusions are independent of any a
priori hypothesis!

p=0.86
p=05 o |

0.10

\/310

......... 15 29




Bayes for the continuum

p(z,y) = py(y) p(z|y) = px(z) p(y|z)
hence
_ plylz) px(z)
plely) = py(y)
that is

[l ylw m( )d&?
Bayesian step:

p(x m Pu(pt)

»

PUE) = | (s 1) () d

that is
likelihood x prior

P\ L) = —
( ) normalization

The prior /

Pu(p)

that is the subjective probability as-
signed to p, is NEVER used by fre-
quentists

30



Bayesian Interval estimate

Degree of belief on i for a measured z:

e L(z, p) pu(p)
p(u; ) [ Lz, ) pu(pe) dp

Estimate: _ _ _
u e [u,pe) Bayesian credible interval

with degree of belief
[ p(; ) dp = degree of belief

e one integrates over ; considered as
a random variable

e this coincides with the frequentist
result if the prior p,(x) is uniform
and the property

I = F(p;z) = F(z; p)
holds

e but the interpretation is different! 31



Bayesian coin tossing

p*‘f(l p} " pp(p)
ppin, o) = [p"(1—p)" " pp(p) dp

With uniform prior,
pp(p) =const 0 <p<1
Recalling the [ function:

z!(n —z)!
Ti ﬂ?d _
b’ P= 1)
one obtains the degree of belief of p
(n+1)! _
. — oL 1_ n—I
p(p;n, x) R (1-p)
T +1
(p) =
> n+2

32



Maximum Likelihood

Likelihood function:

L(ﬂ; E) — P($11,$21= --;ZF-ml;ﬂ)P(ﬂ?lzaﬁzzg --;ifmz;f") .

X p[::rlm L2ny ++y Lmn, 9} = 'ﬁl P(H}f_; 9) ;

the product covers
all the n values of the m variables X.

Log-likelihood:
L=—-In(LO; x)) = —El In (p(x;;0)) ,
Max L corresponds to Min L.
For a given set of
r=x,T,...,T,
observed values, from a
X=(X,Xs....X,)

sample with density p(x;6), the ML es-
timate 6 of @ is the maximum (if any)
of the function

maxe [LLH; :E\J] — IMaxg

Ell p(@:; 9}] = L(6; z)

33



Maximum likelihood

or, 9 Ll:Tl p(;; 9)]

88,#: Gﬁk =0
or
oL n| 1 Op(=;0)] o |
ooy, El ;ﬂ(ﬂ:é;ﬁi) 00 ] 0, (k=12....p).

e before the trial, the likelihood function L(6:
is x to the pdf of (X, Xo,... X,);

e before the trial, the likelihood function L(6:
is a random function of X;

34



e frequentist view: maximize the function

L(O; x)= i[l p(x;0), or In(L(O; x)) = -l-;ln (p(x;;0)) ,

or minimize
~2In (L(6; 2)) = —23_ In (p(x;; 0))
i=1
w.r.t the parameters 6.

e Bayesian view:
maximize the posterior probability

L(16) p(6)
POl2) = i ooy a  HEOPO)

e Bayes maximization updates the prior p(60)

e when the prior p(0) is uniform (constant)
technically the frequentist and the Bayesian
approaches coincide because both maximize
L(0; ) (but the meaning is different)

e Bayesian estimators are not independent of
the transformation of the parameters, the
frequentist ones are independent of them!

Bayesians
VS
Frequentists

35



Why ML does work?

hypothesis l l observation

____________________

osservazione X

The p(z;0) form
is fitted to data
by maximizing

the ordinates of the observed data 36



Example

In n trial r successes have been ob-
tained. Make the ML estimate of p.
Binomial density
L=—zln(p)—(n—a)In(l —p) .
Minimum w.r.t. p:
dLl r n—=x .x
——=——+ =0 = p=—=
dp p 1—p n
Make the ML estimate of p when z;
successes on n, trials and z, successes
on n; trials have been obtained.
Two binomials with the same p:

L=p"p2(1—p " (1—p" .
With logarithms:

L = —(z1+x9) In(p)—(n1—z1+n9—x3) In(1—p) ,
dL @) +x N (N1 +ng) —x1 — 22

dp p 1—p
I +— I

0

Ty — N9



(Golden results

. If T, is the best estimator of 7(6), it
coincides with the ML estimator
(if any)

T, = T(é) .

. the ML estimator is consistent

. under broad conditions, the ML es-
timators are asymptotically normal.
That is (§— 0) is asymptotically nor-
mal with variance

1

nl(0)
. the score function dIln L/06 has zero

mean, n/(f) variance and is asymp-
totically normal

. the variable
2(ln L(0)— In L(6)]

tends asymptotically to x*(p), where
p is the dimension of ¢

38



i \ max
I.Il

\
.-'1 st dev.‘»‘x

likelihood

N L

max

E ST.- dE"l.l"\ I_Irli!:': 'Ill EE

/e

172

mean / r.m.s.
— i

A{EE.B % confidence

likelihood

decay constant

decay constant

Fig. 18. Likelihood ratio limits (left) and Bayesian hmits {right)

_1(x-6)?
Ine 2

1 (X -6)?

2 O 2

= —2InL(X;80) = y2(6)

Gaussian variables: ML corresponds to Minimum y?2

39




The weighted average

Consider the well-known weighted mean:

% %

— 2 _ 2 2 2 2
)= Ce=p)? o) g, _of O
of o3 ou 1 N 1

of O}

A simple algebraic manipulation gives the recursive form
(Kalman filter):

X, X
1, 72

2 2 2 2
0, O, 0,0, XX
— = + =
H 1 1 2 | 2 2 2
o+ 0, TO,\01 O

o, O,

Kalman= the measur'emen’r is weighted

with a model prediction (track following) prediction



Gaussian variables:

weighted average = Bayes (uniform) = Likelihood

41



Elementary example

20 events have been generated and 5 passed the cut
What is the estimation of the efficiency with CL=90%?

Frequentist result: x=5, n=20, CL=90%

Zn:(lr:jglk (1-g)*=0.05 ﬂ/\
NS X
i n gk(]__g )n—k —0.05 &y, &>

k) * : ' e £ =[0.104, 0.455]

k=0

Bayesian result:
. JA
ex(l—¢e)xde What meaning?? N

A =0.90 &1, 6‘2
) m—- =[0.122, 0.423)
\T;X(l_g)nxdg [0.122, 0.423

0




Efficiency calculation: an OPEN PROBLEM!!

o, i\ ana " Wilson interval (1934)
o, " te

— 41 —+1

n n

51 f(l-f) Wald (1950)
Sk t"‘\/ n Standard in Physics

Z[E] (L-g)* =al?
n
K

Exact frequentist
Clopper Pearson (1934) (PDG)

X

( ]85 1l-g)*=al2
=0

P2,

ex(1-g)xde Bayes.This is not frequentist
; _cL?»  but can be tested
&1 (1-£)nxde in a frequentist way 43

0



Coverage simulation
x = gRandom — Binomial(p,N) — X
1-CL = o

\
K n-k — R
pl (1_ pl) —0(/2 0,0 X 9,
[ j true value /j \— measured value
NS

j:c plx;01)dr = ¢ _[_'Txp(x; 0s) dz = c2

where

([ n
6e 1,0, 1—(c1+4+c)=CL
p;(A—p)"* =axl2 e
2 2 MC techniques can be used: grid over ¢ to find

the values ¢, and 6> satisfying these integrals

Tmath:: Binomiall(p,N,Xx)

pl pl p2 p2

g=k/n
P One expects ¢~ CL



Statistical Seience

2001, Vol. 16, No. 2, 101-133 Simulate many X with a true P

Interval Estimation for and check when the intervals
contain the true value p. Compare

a Binomial PI'OpOI'tIOH this frequency with the stated CL

Lawrence D. Brown, T. Tony Cai and Anirban DasGupta

Standard Interval Wilson interval

s =
1 =
= 4 |
= S RN |
2 %
5 | 9
= 4 = |
=1 U]
3 { St -

L= = .2 L= P Y L= =] o.8 1.0 [ s ] 0.2 o, o8 L= ] 1.0

=
Clopper-FPearson Interval Jaffrays’ Equal-Tailaed Intarval

= =,
=] = |
= =
= W
E_ =
8- 21
. =8
=
- =
(=]
- 1
= L . . . L .= O OB .8 .

.0 Q.2 . 0.8 o5 1.0 =

Frz. 6. Coverage probability for n = 50

CL=0.95, n=50

“49



Simulate many x with a true p and check when the intervals contain
the true value p. Compare this frequency with the stated CL

|L’:nrrect frequentist | naif standard

0.55 B P DU ISR P SO L AU | O ) PO | WO DY . IR 1 DRI I I PR I 0.95 -

ot 0.9f==~=

u_35:_ ................ .................. ................... .................. 1].55:

DB .................. ................... .................. o8]

"'”u_ — 'n_iz — 'n.i-t — 'n_ia — 'n.iﬂ —— "'mﬂ_ — Iﬂ-lﬂ = Iﬂ-i*l = 'ﬂ-lﬁ — 'ﬂ.IE =
| Wilson standard corrected |Ea1.re5ian uniform |

0.5 i}
ﬂ_ﬂ: P §
0.85f
S WP W N N SN S SO S S
e L S ¥ RS |7 e ¥ —

46
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In the estimation of the efficiency (probability)
the coverage is “chaotic”

The new standard (not yet for physicists)
is o use the exact frequentist or the formula

t /22 \/ta/z2 f(l— f)
!
- f+ 2n . “IZ\[ An2 + n x=n, [p,1], p, =@—-CL)Yr

2 —2 - x=0, [0, p,], p, =1-(-CL)¥n

f =x/n, t ,,gaussianl-CL=a, t=1islo

The standard formula

should be abandoned 47



A further improvement:
The continuity correction is equivalent to
The Clopper-Pearson formula

2 2 _
fi_l_tg/z ta/Z\/ta/Z 4+ fi(l fi)
2n

4n?

N

E =

2

t0!/2 -|-1
n

2

t0!/2 -|-1
n

X=N, [pl’l]! P, = (1_C|—)1/n
x=0, [0, p,],p, =1-(1-CL)""

f, =(x+0.5)/n, f_=(x-0.5)/n,
t ,gaussian,1-CL=a, t=11s lo

This should become the standard
formula also for physicists

48




Correzione di continuita

Quando una distribuzione discreta (come la binomiale) & approssimata con una continua
(come la gaussiana), I'area del rettangolo centrato su un valore discreto x=v della
variabile, che rappresenta la probabilita &v ), puo essere stimata con I'area sottesa

dalla curva continua nell'intervallo [v—0.5¢<x<v+0.5]

" -
! i ’ Binomiale (isfogramma a rettangoli)
/ Gaussiana (curva continua)

/ La probabilita binomiale per x=v=7
e stimata mediante I'area sottesa
/ dalla curva normale approssimante
\ nell'intervallo [6.5 ¢x<¢ 7.5]
|

I I I ﬁ I

0 z 4 ETTTE 10
6.5 7 7.5

= X

Cio equivale a considerare il valore discreto v della variabile come
il punto medio dell'intervallo [v-0.5, v+0.5]



Se la probabilita si riferisce a una sequenza di valori discreti - cioe ¢ richiesta la

probabilitd Av,)+BAv,)+..+ Bv,) - questa si pud approssimare con la probabilita
gaussiana nell'intervallo [v;—0.5 ¢x¢ v, +0.5]

Piu in dettaglio, ecco come operare la correzione di continuita per diversi valori cercat

Valore della probabilita Intervallo su cui
stimare

binomiale la probabilita gaussiana

Ax=v) [v—0.5<x<v+0.5]

Ax<v) [x<v+0.5]

Ax<v) [x<v-0.5]

Ax2v) [x2v-0.5]

Ax>v) [x2v+0.5]

ﬂvlﬁxsvk) [V1—0.5 £X< Vk+0.5]

ﬂ\ﬁ(x(\’k) [V1+0.5 < X< Vk—0.5]

L'approssimazione gaussiana alla binomiale si rivela particolarmente utile per n»1
(fattoriali grandi nei coefficienti binomiali), e se si sommano le probabilita per una lur
sequenza di valori. La correzione di continuita consente di migliorare |'approssimazion



Esempio
a) Trovare la probabilita che esca Testa 23 volte in 36 lanci di una moneta

La distribuzione richiesta e una binomiale con n=36, p=q=1/2. La variabile & v=23

I n! 36 (1)P(1)°
La probabilita binomiale &:  P(v)= p'q"Y = —| |=| =3.36%
vi(n—v!) 23!13!\2 2

Approssimazione di Gauss con p=np=36x1/2=18 e o=V npq=v/36x1/2x1/2=3

Tenendo conto della correzione di continuita, i due valori della variabile standardizza
corrispondenti agli estremi dell'intervallo di integrazione [22.5, 23.5] sono:

225-18 235-18

=1.83

Zl — 1.50 Z2

Pertanto la probabilita binomiale che esca Testa 23 volte, con I'approssimazione
di Gauss, puo essere stimata in questo modo:

P,(0<z<1.50 )=43.32%

=  P(1.50¢z<1.83 )= P,— P, =3.32%
P,(0<z<1.83 )=46.64%

Il valore e abbastanza vicino a quello calcolato esattamente con la binomiale



Nota. per un dato valore della variabile v, la probabilita con I'approssimazione
di Gauss si puo anche stimare dal valore assunto dalla densita normale per x=v

Il valore di probabilita di una distribuzione continua per uno specifico valore della
variabile & zero, come abbiamo visto. In questo caso pero stiamo semplicemente
approssimando il valore di una distribuzione discreta (la binomiale) con il valore
assunto per quel valore dalla curva normale.

i P ~ _ 1 —(x—p)* /20’
Pertanto possiamo porre: (V) (x=v)=—¢e (x—p)
P P bm( ) { ) GV2T

Nel caso dell'esempio:

1
B (V=5

che coincide con il valore trovato valutando l'area nell'intervallo [22.5, 23.5]

e~ (23-18)°/2x3" _ 1330 0.2494= 0.0332=3.32%

b) Trovare la probabilita che esca Testa almeno 23 volte in 36 lanci

Con |'approssimazione di Gauss, dobbiamo trovare la probabilita normale nell'intervallo
[22.5, <], che stima la probabilita binomiale che Testa esca 23 o pit volte

P(z21.5)=50%— P(0<z <1.5)=50%-43.32%=6.68%
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N=50 CL=0.95

| Correct frequentist |
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The likelihood ratio method

L(p, X)

Maximize
L( pbest’ X)

A(P, X) =

2 A(p,x) = 21 = Press X) i
L(p, x)



Binomial Coverage simulation
max likelihood constraint

Feldman & Cousins, Phys. Rev. D 57(1998)3873
UNIFIED method

|
N pk (1- p)N-*k <CL,

é\k'(N K)!
A= K|k=0,and—2In A(p,N,k) <-2In A(p,N,x) |

—2In A(p,N,x)=2 Ini+(N X) In[1 f]
P 1-p




N=50 CL=0.90

| Correct frequentist | | bayesian uniform prior |
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N=50 CL=0.95

| Correct frequentist |

| bayesian uniform prior |
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N=20 CL=090

| Correct frequentist |

| bayesian uniform prior |
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The problem persists also
with large samples!

50 100 150 =00
™

Fic. 6. Comparison of the average coverage probabilities. From top to bottom: the Agresti—-Coull interval CI 4., the Wilson interval Clyy .
the Jeffreys prior interval CI ; and the standard interval CI,. The nominal confidence level is 0.95.
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| Correct frequentist |
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From coin tossing to physics:
the efficiency measurement

Piz k. n)

1 =
g = / e P(e;k,n) de 10
0 &
o . . 1. 8
- Kl(n—k)! : |
6
‘ Valid also for 4

k=0 and k=n

N

=

O\_LHJ-L|||I||

ArXiv:physics/0701199v1

Treatment of Errors in Efficiency Calculations

T. Ullrich and Z. Xn
Brookhaven National Laboratory

Febriary 2. 2008
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re 1: The probability density function P(s;k,n) for n =10 and k=0,1,..., 10.
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Comment

George Casella

(2001)

1. INTRODUCTION

Professors Brown, Cai and DasGupta (BCD) are
to be congratulated for their clear and imaginative
look at a seemingly timeless problem. The chaotic
behavior of coverage probabilities of discrete confi-
dence sets has always been an annovance, result-
ing in intervals whose coverage probability can be

George Casella is Arun Varma Commemorative
Term Professor and Chair, Department of Statis-
tics, University of Florida, Gainesville, Florida
32611-8545 (e-mail: casella@stat.ufl.edu).

vastly different from their nominal confidence level.
What we now see is that for the Wald interval, an
approximate interval, the chaotic behavior is relent-
less, as this interval will not maintain 1 — « cover-
age for any value of n. Although fixes relving on
ad hoc rules abound, they do not solve this funda-
mental defect of the Wald interval and, surprisingly,
the usual safety net of asymptotics is also shown
not to exist. So, as the song goes, “Bve-bye, so0 long,
farewell” to the Wald interval.

Now that the Wald interval is out, what is in?
There are probably two answers here, depending
on whether one is in the classroom or the consult-
ing room.

2 _
v [t fLi-f)
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t t—+1
n n

X

gs(l-g)*=al2

esl-g)*=al2 g




Counting experiments: Poisson case

_t S =X+ a+t X+_ Wilson interval (1934)

Wald (1950)
_|_
C‘u X D Standard in Physics

Z’u— ~Hy = [ 2

o K :

R Exact frequentist

Z%e—uﬁ:a/z Clopper Pearson (1934) (PDG)
e gy Bayes.This is not frequentist
st _oLn but can be tested

HEE 4y in a frequentist way 66



Poissonian Coverage simulation

| Correct frequentist | |_naif standard_|
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Poissonian Coverage simulation

| Correct frequentist |
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The Neyman-FC integrals

Neyman integrals

> p(x;6) <CL,
ke A
A= Bk >0,and—2In A(6,k) <~2In A(0,%) 2

—2In A(0,x)=2In LX) iz
L(6,x)

70



Poissonian Coverage simulation
max likelihood constraint

Feldman & Cousins, Phys. Rev. D 57(1998)3873

Z e # «CL Alpn)={k| keZ k=0 and —2InA(p, k) < -2InAMp,n) |

keA M- (crudely) describe A(u, n) as the set of all integers that give a “better fit” to
it than n does, where “better fit” is defined in terms of the likelihood ratio.
Note that n ¢ A(p,n).

n - |
—2In A, n)=—2In 5 “/”'—(/,z—n)+n|n[ﬂ]
)7

n"e-n/nl




Poissonian Cover'age simulation

| Correct frequentist |
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Poissonian Coverage simulation

| Correct frequentist |
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Counting experiments: new formula for the
Poisson case

X — L L

Ju T4

Wilson interval with Continuity correction
gives the same results as ..

M2 g =2 .
o X! Exact frequentist

Clopper Pearson (1934) (PDG)

— X 74



The neutrino mass
...here Bayes helps!
An experiment with a Gaussian resolution of
o=33eV/c
measures the ., mass as:
m = —5.41 eV/c?

make the Bayesian estimate of m,,.
Bayes formula

plm: my., o) p,(m,
plmy,;m,o) = fpf[ My, 0) pu(1y)

m; my, o) p,(m,) dm,
Choosing the prior:

e define 0 < m, <20 —30 eV/c?

e define o, = 10 eV/c?

® test three functional forms:

1. uniform: p, = p,(m,)=1/30, 0 <m, <30

2. Gaussian:

9 S
Py = py(ma) = 5— exp[—m,/(207)]

e
3. triangular: p, = p;(m,) = ﬁ (30 —m,,),
0<m, <30eV/c?
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The neutrino mass 11

For example, using the uniform p,(m,)

and o = 3.3, m = —5.41 ev/c%:
[ (m - mrszl 1
exp |— 5 —
(i m, &) = 20 30
4 pry Ty f3n N {m . mp)? 1 dm
o P 202 |30

one obtains, at 95% probability:

plm,, ; m=-3.41, g=3.3)

m,, i 39 eVic 2

e uniform: 0 < m, < 3.9 eV/c%
e Gaussian: 0 <m, < 3.7 eV/c%
<3.7eV/c.

result “independent” of the prior!

e triangular: 0 < m

-

the ignorance!!!

Here the prior represent the knowledge, not



The Unitarity Triangle

d S b
u Via Vs Vi \
¢ Ve Ve Vey
t Wl 7 V|
VARV,

ViuaVub +Vchc*lo *'thVt;

CP Violation

Quark mixing is described
by the CKM matrix

Unitarity relations on matrix
elements lead to a triangle
In the complex plane
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Constraints,

Parameters Value Gauss Error Flat Error Comments
A 0.2258 0.0014 -

IVen| {1D'3} 392 1.1 - Awerage of exclusive
IVenl (107%) 417 0.7 - Average of inchisive
[Vun] 107 {excl.) 35.0 4.0 - HF AG BE. + Lattice QCD

[Vub| 10~ {incl. HFAG) 39.9 1.5 4.0 HF A average
mp (GeVie?) 4.21 0.08 -
mc (GeV/c?) 1.3 0.1 -
A(ma) {ps™) 0.507 0.005 - WA (CDF/CLEO/LEP/Babar/Belle)
Almg) {ps'1} 1777 012 - CDF Likelihood 15 used.
my (GeVic?) 161.2 1.7 - (CDEMDO)
fas 'Bas (MeV) 270 30 - Lattice QCD
4 1.21 0.04 - Lattice QCD
ek [107 2,280 0.013 :
Bk 075 0.07 - Lattice QCD
fik (GeV) 0.160 . i
A(mg) (1072 ps) 0.5301 - ;
as(Mz) 0.11% 0.003 -
Gr (107 GeVv?) 1.16639 : ;
mw (GeVic?) 80425 ; ;
mBd (GeVic?) 5,279 - :
mBs (GeVic?) 5375 : ;
mK® (GeVic?) 0.497648 ; _




A Bayesian application: UTFit

» UTFit: Bayesian determination of the
CKM unitarity triangle

- Many experimental and theoretical inputs
combined as product of PDF

- Resulting likelihood interpreted as Bayesian
PDF in the UT plane

* |nputs:

— Standard Model experimental measurements
and parameters

— Experimental constraints
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Combine the constraints

* Given {x;} parameters and {c;} constraints
« Define the combined PDF

— f(p 1, X3, Xp 4 ey Xy | €1, Co s vy Gy )
[izam fi(Ci 1 oo 11, x05 Xo 1 X)) = o
[Tizen fiXi): fo (0, 1) +——— Apriori PDF

— PDF taken from experiments, wherever it is possible

« Determine the PDF of (p, ) integrating over the
remaining parameters
— flp, n) <

-[:Ij:LM FiCil o 1, X, Xg oy Xy) =
[Ti=in fi(X) fo (0. 1)

—

Luca Lista Statistical Methods for Data 80
Analysis
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PDFs for p and n
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Luca Lista Statistical Methods for Data 82

Analysis



Projections on other observables

=
- - L :
2 0.02- : P UTg:
7 i UTflf c f
c Q
O - 0.1
©
> 00151 _,?
el —
s | -
_8 0.01— '8
I O B
L & 0005
i _B\ B
0.005 - B - [UTs¢
I c
)
I T 001 | .
95 00 1 2 ) 100
— o
sin2p 2 y[']
LD
=)
E 0.005
0||
. 0 50 10 150
Luca Lista 83

of’]



A Frequentist application: RFit

 RFit: o choose a point in the p—n plane,
and ask for the best set of the

parameters for this points. The y?
values give the requested confidence
region.

* No a priori distribution of parameters
IS requested
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mean / r.m.s.

— i
g Lrna:-c o
- / \ 3 68.3 % confidence
8 m £
£ 1 st. dev., , S
.g Illll IIII.I"'-_" LP'IE!. IIII E1I2 i III
I|II 2 st. dE"u"\ Lm::x / EE ,'II
decay constant decay constant
Fig. 18. Likelihood ratio himits (lett) and Bayesian himits (right)
L (x=0)° 1 (x—0)2
Ine 2 o« =-— = —2InL(x;0) =~ y2(6)
2 O?
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2 V questa banda contiene
111 68.3 % de1 valor1 di x

questa banda contiene

11 68.3 % dei valori diy

I’ellisse contiene 5
il 68.3 % di punti (x.y) A== 1.0



= 0 | _il_ __________ i

i
T S
-
]

Fig. 5.4: Different single constraints in the p — 1] plane shown at 95 % CL contours. The 95 % and 10 % CL contours for the
combined fit ave also shown,
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5.3. Results and Comparison

Rfit Method
Parameter = 5% CL = 1% CL = 0.1% CL
I 0.091 -0317 0071-03531 0042-0379
i 0.273 - 0408 0257 -0423 0.242-0.442
sin 23 0.632 - 0813 0394 -0.834 0.534-0.8535
b 421 -757 386-787 36.0-835
Bayesian Method
Parameter A% CL 1% CL 0.1% CL
Iz 0.137-0295 0.108-0317 0.045-0.347
ij 0.295 - 0408 0278 -0427 0.239-0.449
sin 23 0.665 - 0820 0637 -0.841 0.604 - 0.363
o 47.0-70.0 44.0-744 40.0-83.6
Fano RfitBayesian Method
Parameter A% CL 1% CL 0.1% CL
I 1.43 1.34 1.12
ij 1.18 1.12 1.05
sin 23 1.17 1.18 1.16
o 1.4 1.51 1.09

Table 5.3: Ranges atf difference C.Lfor o N, sin 28 and v. The meazurements af |Vas| /| Vool and AM 4, the ampiitude spectrum

R - . - o (n} B P - L, ' B .
Jor including the iformation from the B, — .Ell':a.:-:'r.'u-r.'..'a.'-i:_ |ex | and the measurement of sin 22 have been used.




Conclusions

- The usual formulae used by physicists in counting
experimets should be abandoned

« By adopting a practical attitude, also bayesian
formulae can be tested in a frequentist way

* frequentism is the best way to give the results
of an experiment in the form
X+0o
but other forms are also possible

* physicists should use Bayes formulae to parametrize
the previous (th or exp)

knowledge, not the ignorance



Quantum Mechanics:
frequentist or bayesian?
Born or Bohr?

[l [ dx

The standard interpretation is
frequentist
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|

Neyman integrals

Bootstrap F(x;0)=1-F(O;X)

Search for pivotal variables

This method avoids the graphic procedure and
the resolution of the Neyman integrals
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Frequentist C.I.
right and wrong definitions

RIGHT quotations:

e CL is the probability that the random in-
terval [T}, Ty| covers the true value 6;

e in an infinite set of repeated identical ex-
periments, a fraction equal to CL will suc-
ceed in assigning 6 € [, 0];

e if 6 ¢ [01,6,], one can obtain {I = [#;, 6]}
in a fraction of experiments <1 — ('L

o if H,: 0 ¢ [61,6,] the probability to reject a
true H, is 1 — C'L (falsification).
see upper and lower limits estimates.

WRONG quotations

e CL is the degree of belief that the true
value is in [6,, 6,

*® P{H € [9193]} =CL
(6 is not a random variable!)
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