
Overview of the lectures

1.Introduction

2.Inclusive and semi-inclusive DIS (structure functions)

Basics of collinear PDFs at tree level (definition, gauge link)

3.Basics of collinear PDFs (interpretation)

Basics of TMDs at tree level (definition, gauge link, interpretation)

4.Basics of factorization

Basics of TMD evolution

5.Phenomenology of SIDIS integrated over azimuth

• Phenomenology of SIDIS with azimuthal dependence
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Unpolarized SIDIS

dσ

dx dy dφS dz dφh dP 2
h⊥

=
α2

x y Q2

y2

2 (1− ε)

{
FUU,T + ε FUU,L +

√
2 ε(1 + ε) cos φh F cos φh

UU + ε cos(2φh) F cos 2φh

UU

}

Done last time
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Polarized SIDIS

dσ

dx dy dφS dz dφh dP 2
h⊥

=
α2

x y Q2

y2

2 (1− ε)

{
FUU,T + ε FUU,L +

√
2 ε(1 + ε) cos φh F cos φh

UU + ε cos(2φh) F cos 2φh

UU

+ λe

√
2 ε(1− ε) sin φh F sin φh

LU + SL

[
√

2 ε(1 + ε) sin φh F sin φh

UL + ε sin(2φh)F sin 2φh

UL

]

+ SL λe

[
√

1− ε2 FLL +
√

2 ε(1− ε) cos φh F cos φh

LL

]

+ ST

[
sin(φh − φS)

(
F sin(φh−φS)

UT,T + ε F sin(φh−φS)
UT,L

)
+ ε sin(φh + φS) F sin(φh+φS)

UT

+ ε sin(3φh − φS) F sin(3φh−φS)
UT +

√
2 ε(1 + ε) sin φS F sin φS

UT

+
√

2 ε(1 + ε) sin(2φh − φS) F sin(2φh−φS)
UT

]
+ ST λe

[
√

1− ε2 cos(φh − φS) F cos(φh−φS)
LT

+
√

2 ε(1− ε) cos φS F cos φS

LT +
√

2 ε(1− ε) cos(2φh − φS) F cos(2φh−φS)
LT

]}
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TMDs and their probabilistic interpretation

TMDs in black survive transverse‐momentum integra6on
TMDs in red are T‐odd

quark pol.

U L T
nu

cl
eo

n
po

l.
U f1 h⊥1

L g1L h⊥1L

T f⊥1T g1T h1, h⊥1T

Twist-2 TMDs
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TMDs and their probabilistic interpretation

f1 =

g1 =

h1 =

f⊥1T =

h⊥1 =

h⊥1T =

h⊥1L =

g1T =

parton with transverse or longitudinal spin

parton transverse momentum

nucleon with transverse or longitudinal spin

There was a mistake in 
this diagram in lecture 3

Proton goes out of the screen/ photon goes into the screen
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Sivers
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Asymmetry

F sin(φh−φS)
UT = C

[
− ĥ ·pT

M
f⊥1T D1

]

f⊥a
1T (x, p2

T ) =
f⊥a
1T (x)
πρ2

a

e−p2
T /ρ2

a , Da
1(z, k2

T ) =
Da

1(z)
πσ2

a

e−z2k2
T /σ2

a

Gaussian ansatz

F sin(φh−φS)
UT,T = x

∑

a

e2
a

|Ph⊥|
M

f⊥a
1T (x)Da

1(z)
zρ2

a

π(z2ρ2
a + σ2

a)2
e−P 2

h⊥/(z2ρ2
a+σ2

a)
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Data
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FIG. 3: The results obtained from our simultaneous fit of the SIDIS Asin (φh−φS)
UT Sivers asymmetries (solid lines) are compared

with HERMES experimental data [10] for pion and kaon production (left and right panel respectively). The shaded area
corresponds to the theoretical uncertainty of the parameters, see Appendix A for further details. For completeness, we also
show the K0

S asymmetry, not measured at HERMES, which is the result of a computation based on our extracted Sivers
function and the assumed fragmentation functions of Eq. (16).
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FIG. 4: The results obtained from our fit (solid lines) are compared with the COMPASS measurements of Asin (φh−φS)
UT for

pion (left panel) and kaon (right panel) production [11] off a deuteron target. The shaded area corresponds to the theoretical
uncertainty of the parameters, as explained in Appendix A. The π0 asymmetry, not measured at COMPASS, is the result of
a computation based on our extracted Sivers functions. Also the K0

S asymmetry, although compared with data [12], is not a
best fit, but the result of our computation, using the assumed fragmentation functions of Eq. (16).

obtain χ2 = 1.20 per data point for K+ production at HERMES [10], while for pions we have χ2 = 0.94 per data
point, and a total χ2

dof = 1.00.
The quality of our results is shown in Figs. 3 and 4 where our best fits to the SSA is compared with the experimental

data from Refs. [10] and [11]: the SSAs are plotted as a function of one variable at a time, either z or x or PT , while an
integration over the other variables has been performed consistently with the cuts of the corresponding experiment.
The shaded area in Figs. 3 and 4 corresponds to 95.45% Confidence Level (CL) and is determined according to the
procedure described in Appendix A.

Notice that in Fig. 4 we also show the results for π0 at COMPASS, for which no data is so far available, computed

using our extracted Sivers functions as given in Table I. Similarly we have computed Asin(φh−φS)
UT for K0

S production
at HERMES and COMPASS and show them respectively in Fig. 3 and 4. As the K0

S is an equal mixture of K0 = ds̄
and K̄0 = d̄s, we have assumed isospin invariance, writing the K0

S FFs in terms of the K+ ones – which are taken
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FIG. 3: The results obtained from our simultaneous fit of the SIDIS Asin (φh−φS)
UT Sivers asymmetries (solid lines) are compared

with HERMES experimental data [10] for pion and kaon production (left and right panel respectively). The shaded area
corresponds to the theoretical uncertainty of the parameters, see Appendix A for further details. For completeness, we also
show the K0

S asymmetry, not measured at HERMES, which is the result of a computation based on our extracted Sivers
function and the assumed fragmentation functions of Eq. (16).
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FIG. 4: The results obtained from our fit (solid lines) are compared with the COMPASS measurements of Asin (φh−φS)
UT for

pion (left panel) and kaon (right panel) production [11] off a deuteron target. The shaded area corresponds to the theoretical
uncertainty of the parameters, as explained in Appendix A. The π0 asymmetry, not measured at COMPASS, is the result of
a computation based on our extracted Sivers functions. Also the K0

S asymmetry, although compared with data [12], is not a
best fit, but the result of our computation, using the assumed fragmentation functions of Eq. (16).

obtain χ2 = 1.20 per data point for K+ production at HERMES [10], while for pions we have χ2 = 0.94 per data
point, and a total χ2

dof = 1.00.
The quality of our results is shown in Figs. 3 and 4 where our best fits to the SSA is compared with the experimental

data from Refs. [10] and [11]: the SSAs are plotted as a function of one variable at a time, either z or x or PT , while an
integration over the other variables has been performed consistently with the cuts of the corresponding experiment.
The shaded area in Figs. 3 and 4 corresponds to 95.45% Confidence Level (CL) and is determined according to the
procedure described in Appendix A.

Notice that in Fig. 4 we also show the results for π0 at COMPASS, for which no data is so far available, computed

using our extracted Sivers functions as given in Table I. Similarly we have computed Asin(φh−φS)
UT for K0

S production
at HERMES and COMPASS and show them respectively in Fig. 3 and 4. As the K0

S is an equal mixture of K0 = ds̄
and K̄0 = d̄s, we have assumed isospin invariance, writing the K0

S FFs in terms of the K+ ones – which are taken
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Sivers functions
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FIG. 6: The Sivers distribution functions for u, d and s flavours as determined by our simultaneous fit of HERMES and
COMPASS data (see text for details). On the left panel, the first moment x ∆Nf (1)(x), Eq. (17), is shown as a function of x
for each flavour, as indicated. Similarly, on the right panel, the Sivers distribution x∆Nf(x, k⊥) is shown as a function of k⊥

at a fixed value of x for each flavour, as indicated. The highest and lowest dashed lines show the positivity limits |∆Nf | = 2f .

IV. PREDICTIONS FOR FORTHCOMING EXPERIMENTS

Using the Sivers functions determined through our fit, we can give predictions for other transverse single spin

asymmetries Asin(φh−φS)
UT which will be measured in the near future. Fig. 8 shows the results we obtain for the

COMPASS experiment operating with a hydrogen target, adopting the same experimental cuts which were used for
the deuterium target (Eq. (71) of Ref. [1]).

Forthcoming measurements at the energies of 6 and 12 GeV are going to be performed at JLab, on proton, neutron
and deuteron transversely polarized targets. The obtained data will be important for several reasons; they will
cover a kinematical region corresponding to large values of x, a region which is so far unexplored from other SIDIS

• Data from HERMES, 
COMPASS

• 96 data points (some 
correlations -- cf. 467 
points for Δq fits)

• no sys errors

• χ2≈1.0

• Statistical uncertainty only 
(Δχ2≈17)
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Sivers function: Torino

Free fit“Symmetric sea”

Anselmino et al., 0805.2677
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Sivers function: Bochum
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Relation to anomalous magnetic moment
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FIG. 7: The Sivers distribution functions for u and d flavours as determined by our present fit (solid lines) are compared with
the Sivers distribution functions for u and d flavours as had been determined by our previous fit [2] on SIDIS data (dashed
lines), where π0 and kaon productions were not considered and only valence quark contributions were taken into account. This
plot clearly shows that the Sivers functions previously found are consistent, within the uncertainty bands, with the Sivers
functions presently obtained.

measurements. In particular, a combined analysis of HERMES, COMPASS and JLab SIDIS data will allow a much
better determination of the β parameters, which control the large x behavior of the Sivers distribution functions. In
addition, the combined analysis of proton and neutron target events will help flavour disentangling and a more precise
determination of u and d quark contributions. Our predictions for the JLab SSAs, for pion and kaon production off
proton, neutron and deuteron targets, at 6 and 12 GeV, are presented in Figs. 9–14.

The adopted experimental cuts for JLab operating on a proton or a deuteron target at 6 GeV are, in terms of the
usual SIDIS variables, the following:

0.4 ≤ zh ≤ 0.7 0.02 ≤ PT ≤ 1 GeV/c

0.1 ≤ x
B
≤ 0.6 0.4 ≤ y ≤ 0.85

Q2 ≥ 1 (GeV/c)2 W 2 ≥ 4 GeV2

1 ≤ Eh ≤ 4 GeV ,

(26)

whereas for a beam energy of 12 GeV they are:

0.3 ≤ zh ≤ 0.8 0.05 ≤ PT ≤ 1.5 GeV/c

0.05 ≤ x
B
≤ 0.7 0.25 ≤ y ≤ 0.85

1 ≤ Q2 ≤ 8 (GeV/c)2 W 2 ≥ 4 GeV2

1.5 ≤ Eh ≤ 3.5 GeV .

(27)

Anselmino et al., 0805.2677, 
Arnold et al. , 0805.2137

Model statement (1− x)f⊥q
1T (x) = −3

2
MCF αS Eq(x, 0, 0)

∫ 1

0
dx(1− x)f⊥q

1T (x) = −3
2
MCF αS κq

Burkardt, Hwang, PRD69 (04)
Lu, Schmidt, PRD75 (07)
A.B., F. ConK, M. Radici, arXiv:0807.0323

ku = 1.67

kd = −2.03

The rela6on is not general
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A simple assumption

f⊥q
1T (x) = −f(x) Eq(x, 0, 0)

f⊥g
1T (x) = −f ′(x) Eg(x, 0, 0)

Ea(x, 0, 0)
Eu(x, 0, 0)

=
f⊥a
1T (x)

f⊥u
1T (x)

=
Aa

Au

fa
1 (x)

fu
1 (x)

,

Ad

Au
= −1.8± 0.2,

Aū

Au
= −1.1± 0.1,

Ad̄

Au
= 1.3± 0.2,

As

Au
= −As̄

Au
= −4.8.

AB,  arXiv:0902.2712 [hep-ph] 
using fit of Arnold et al. , 0805.2137
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Sivers: COMPASS proton

data: S. Levorato, Transversity 08
prediction: Anselmino et al., 0805.2677
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The question of evolution

FUU,T (x, z, b, Q2) = x
∑

a

e2
a fa

1

(
x;

b0

b

)
Da

1

(
z;

b0

b

)
e−Se−SNP

S(b, Q2) =
∫ Q2

b20/b2

dµ2

µ2

αS(µ2)
2π

2CF log
Q2

µ2

collinear PDFs
nonperturbative part of TMD

Back to FUU,T, “Leading Log” only, b space
Collins, Soper, Sterman, NPB250 (85)

High 
(fixed-order pQCD)

Intermediate
 (resummation)

Low 
(nonpert.)
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Leading-log evolution

0.0 0.5 1.0 1.5 2.0 2.5 3.00.0
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0.4

dΣ
dqT2

Q2"10 GeV2

Q2"100 GeV2
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Evolution of Sivers function

fNS
1 (x, p2

T ) =
αs

2π2

1
p2

T

[(
L(η−1)

2
− CF

)
fNS
1 (x) +

(
Pqq ⊗ fNS

1

)]

p2
T

2M2
f⊥NS
1T (x, p2

T ) =
αs

2π2

M

p2
T

[(
L(η−1)

2
− CF

)
f⊥(1)NS
1T (x) + . . .

]

FUU,T =
1
q2
T

αs

2π2z2

∑

a

xe2
a

[
fa
1 (x) Da

1(z) L

(
Q2

q2
T

)
+ . . .

]

qT

M
F sin(φh−φs)

UT,T =
1
q2
T

αs

2π2z2

∑

a

xe2
a

[
−f⊥(1)a

1T (x) Da
1(z) L

(
Q2

q2
T

)
+ . . .

]

Idilbi, Ji, Ma, Yuan, PRD70 (04)
Boer, NPB 806 (09)
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Evolution of trans. moment of Sivers function

Kang, Qiu, PRD79 (09) 
Vogelsang, Yuan, arXiv:0904.0410 [hep-ph] 

TF (x, x) ≡ 2Mf⊥(1)
1T (x)24
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FIG. 12: Twist-3 up-quark-gluon correlation Tu,F (x, x, µF ) as a function of x at µF = 4 GeV (left) and µF = 10 GeV (right).
The factorization scale dependence is a solution of the flavor non-singlet evolution equation in Eq. (99). Solid and dotted curves
correspond to σ = 1/4 and 1/8, while the dashed curve is obtained by keeping only the DGLAP evolution kernel Pqq(z) in
Eq. (99).
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FIG. 13: Twist-3 down-quark-gluon correlation Td,F (x, x, µF ) as a function of x at µF = 4 GeV (left) and µF = 10 GeV
(right). Solid and dotted curves correspond to σ = 1/4 and 1/8, while the dashed curve is obtained by keeping only the
DGLAP evolution kernel Pqq(z) in Eq. (99).

In Figs. 14 and 15, we plot the twist-3 up-quark-gluon and down-quark-gluon correlation functions, Tu,F (x, x, µF )
and Td,F (x, x, µF ), as a function of x at µF = 4 GeV (left) and µF = 10 GeV (right). Only difference between the
solid and dotted curves in these figures and those in Figs. 12 and 13 is that we use the full set of evolution equations
in Eq. (107) through (110) to solve for the factorization scale dependence of these correlation functions. The dashed
curves represent the quark-gluon correlation functions obtained from the parametrization of Fit II in Ref. [33] by
assuming all quark-gluon and tri-gluon correlation functions obey the DGLAP evolution. We find that non-DGLAP
terms in the full evolution equations for the diagonal twist-3 correlation functions play a significant role in modifying
the evolution of these correlation functions at small x, where the role of the off-diagonal correlation functions is
enhanced due to a larger available phase space for the evolution kernels. The extra enhancement of the solid and
dotted curves over the dashed curves in Figs. 14 and 15 is mainly from the term proportional to the sum of both

tri-gluon correlation functions T (f)
G,F and T (d)

G,F that we assumed to have the same sign.

In Figs. 16 and 17, we plot the twist-3 tri-gluon correlation functions, T (f)
G,F (x, x, µF ) and T (d)

G,F (x, x, µF ), as a
function of x at µF = 4 GeV (left) and µF = 10 GeV (right), respectively. Solid and dotted curves are from solving
the full evolution equations with the input correlation functions evaluated at σ = 1/4 and 1/8, respectively. Dashed
curves are given by the normal CTEQ6L gluon distribution multiplied by the normalization constant λf (or λd),
which corresponds to making an assumption that all twist-3 correlation functions obey the DGLAP evolution, like
the normal unpolarized PDFs. We notice that for the evolution of tri-gluon correlation functions, the difference in
color factor for the DGLAP-type terms in the full evolution equations tends to compensate the contribution from the
terms proportional to the off-diagonal correlation functions, so that the evolution of the tri-gluon correlation functions
follow more closely to the DGLAP evolution as shown in Figs. 16 and 17.

We complete this section by stressing that the scale dependence presented in this section is sensitive to our as-
sumption to neglect the role of the second set of twist-3 correlation functions and our model for the input tri-gluon
correlation functions (equal and positive at the input scale). Although the overall features found here should be valid,

19

by using the projection operator in Eq. (65). In this case, only diagrams (b) and (c) give nonvanishing results,

dI(b)
q∆q = δ(ξ − x)

∫ µ2
F dk2

T

k2
T

[
CA

2

]
αs

2π

(
1

2

1

x + ξ2

)
, (97)

dI(c)
q∆q = −δ(ξ + ξ2 − x)

1

ξ

∫ µ2
F dk2

T

k2
T

[
CA

2

]
αs

2π

(
1

2

)
. (98)

By comparing above calculated results with Eq. (67), we extract evolution kernels, Kqq(ξ, ξ +ξ2, x, x) and Kq∆q(ξ, ξ +
ξ2, x, x). By calculating the same diagrams in Fig. 3 with momentum fractions ξ and x switched with ξ + ξ2 and
x + x2, respectively, we derive evolution kernels, Kqq(ξ + ξ2, ξ, x, x) and Kq∆q(ξ + ξ2, ξ, x, x). By integrating Eq. (86)
over x2 weighted by δ(x2) or simply setting x2 = 0, we obtain the order of αs evolution equation for Tq,F (x, x, µF )
from flavor non-singlet interactions,

∂Tq,F (x, x, µF )

∂lnµ2
F

=
αs

2π

∫ 1

x

dξ

ξ

{
Pqq(z) Tq,F (ξ, ξ, µF )

+
CA

2

[
1 + z2

1 − z
[Tq,F (ξ, x, µF ) − Tq,F (ξ, ξ, µF )] + z Tq,F (ξ, x, µF )

]

+
CA

2

[
T∆q,F (x, ξ, µF )

]}
, (99)

where

Pqq(z) = CF

[
1 + z2

(1 − z)+
+

3

2
δ(1 − z)

]
(100)

is the LO quark-to-quark splitting function for the normal PDFs. The standard definition of “+” distribution is

∫ 1

x

dz
f(z)

(1 − z)+
=

∫ 1

x

dz
f(z) − f(1)

1 − z
+ f(1) ln(1 − x) (101)

for a smooth function f(z). In deriving Eq. (99), Eqs. (11) and (20) were used. It is clear from Eq. (99) that
the flavor non-singlet evolution kernels for the diagonal twist-3 quark-gluon correlation function Tq,F (x, x, µF ) =
2πTq,F (x, x, µF ) are all infrared safe. The evolution equation for the diagonal correlation function Tq,F (x, x, µF ) is
not a closed one since it gets contribution not only from the same diagonal function Tq,F (ξ, ξ, µF ) but also from the
off-diagonal part of the same function as well as gets the contribution from a different function T∆q,F (x, ξ, µF ).

In the rest of this section, we derive the order of αs evolution kernels involving gluons as well as those with the
flavor change. In Fig. 8, we list all cut Feynman diagrams at the order of αs that could contribute to the evolution

kernels, K(ij)
gg and K(ij)

∆g∆g with i, j = f, d, when proper cut vertices and projection operators are used. The gluon
propagator with a short bar in the diagrams (l), (m), (n), and (o) is the gluonic special propagator defined in Ref. [42],
which represents the contact interaction. The diagrams with the contact interaction are responsible for the twist-3
contribution from the diagram in Fig. 4(a). We calculate all diagrams with the cut vertices and projection operators
derived in this section and setting x2 = 0. We find that after taking x2 = 0 or integrating over x2 weighted with
δ(x2), only diagrams (a), (b), (c), (d), (e), (f), and (g) give the nonvanishing contribution to the evolution kernel,

K(i,j)
gg ,

dI(a)
gg = 2π δ(ξ2)

1

ξ

∫ µ2
F dk2

T

k2
T

[
CA −

CA

2

]
αs

2π
2z

(
z

1 − z
+

1 − z

z
+ z(1 − z)

)
; (102)

dI(b)
gg = 2π δ(ξ − x)

1

ξ2

∫ µ2
F dk2

T

k2
T

[
CA

2

]
αs

2π

(
1

2

x2 + (x + ξ2)2

(x + ξ2)2

)
; (103)

dI(c)
gg = 2π δ(ξ + ξ2 − x)

1

ξ

∫ µ2
F dk2

T

k2
T

[
CA

2

]
αs

2π

(
1

2

1 + z2

1 − z

)
; (104)

dI(d+e)
gg = −2π δ(ξ2) δ(ξ − x)

∫ µ2
F dk2

T

k2
T

∫ 1

0
dz

1

2
[CA]

αs

2π
2

(
z

1 − z
+

1 − z

z
+ z(1− z)

)
; (105)

dI(f+g)
gg = −2π δ(ξ2) δ(ξ − x)

∫ µ2
F dk2

T

k2
T

∫ 1

0
dz

1

2
(2 nf )

[
1

2

]
αs

2π

(
(1 − z)2 + z2

)
, (106)

∂fNS
1 (x, µ2)
∂ lnµ2

=
αs(µ2)

2π

∫ 1

x

dξ

ξ
fNS
1 (ξ, µ2)Pqq(z)

∣∣∣
z=x/ξ
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Conclusions about Sivers

• Several limits to present analysis, but things are moving

• There is a framework to study evolution

• One of the problems is also the knowledge of the kT dependence of 
fragmentation functions (help from BELLE soon?)

• Connections with orbital angular momentum?
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Asymmetry

F sin(φh+φS)
UT = C

[
− ĥ ·kT

Mh
h1H

⊥
1

]
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Collins asymmetries
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Figure 2: Fits of HERMES [4] and COMPASS [5] data. The shaded area corresponds to
the uncertainty in the parameter values, see Ref. [3].
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Figure 3: Left panel: fit of the BELLE [6] data on the A12 asymmetry (cos(ϕ1+ϕ2) method).
Right panel: predictions for the A0 BELLE asymmetry (cos(2ϕ0) method).
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Collins asymmetries
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Transversity and Collins

by the reduced size of the present uncertainty bands (Fig. 1), and enables us to give more
precise predictions for forthcoming experiments (see Fig. 4). The new distributions are
compatible with the extraction of Ref. [3] and close to some model predictions for the
transversity distribution (see for example Ref. [11]).
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Figure 1: Left panel: the transversity distribution functions for u and d flavours as deter-
mined by our global fit; we also show the Soffer bound (highest or lowest lines) and the
(wider) bands of our previous extraction [3]. Right panel: favoured and unfavoured Collins
fragmentation functions as determined by our global fit; we also show the positivity bound
and the (wider) bands as obtained in Ref. [3].
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A. Prokudin, talk at DIS08 (extraction by Anselmino et al.)

• Data from HERMES, 
COMPASS, BELLE

• 96 data points (some 
correlations -- cf. 467 
points for Δq fits)

• no sys errors taken into 
account

• χ2≈1.4

• Statistical uncertainty only 
(Δχ2≈17)
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Tensor charge
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[our result] Anselmino et al. DIS 08

[1] Diquark spectator model, 
Cloet, Bentz, Thomas, PLB 659 (08)

[2] Chiral quark soliton model,
Wakamatsu, PLB 653 (07)

[3] Lattice QCD,
Goekeler et al. PLB 627 (05)

[4] QCD sum rules,
He, Ji, PRD 52 (95)

NT
u = 0.79 ± 0.11 NT

d = −1.00 ± 0.15 α = 0.62 ± 0.18 β = 0.31 ± 0.27
NC

fav = 0.43 ± 0.05 NC
unf = −1.00 ± 0.17 γ = 0.96 ± 0.06 δ = 0.01 ± 0.03

M2
h = 0.91 ± 0.46 (GeV/c)2

Table 1: Best values of the free parameters for the u and d transversity distribution functions
and for the favoured and unfavoured Collins fragmentation functions. We obtain χ2/d.o.f.
= 1.3. Notice that the errors generated by MINUIT are strongly correlated, and should not
be taken at face value. The significant fluctuations in our results are shown by the shaded
areas in Figs. 2 and 3.

fragmentation functions fq/p(x) and Dh/q(z) are available in the literature; in particular we
will refer to Refs. [8] and [9].

As in our previous analysis [3] we adopt the following parameterizations for the transver-
sity distribution, ∆T q(x, k⊥), and the Collins FF, ∆NDh/q↑(z, p⊥):

∆T q(x, k⊥) =
1

2
N T

q (x) [fq/p(x) + ∆q(x)]
e−k2

⊥/〈k2

⊥〉
T

π〈k2
⊥〉T

, (1)

∆NDh/q↑(z, p⊥) = 2NC
q (z) Dh/q(z) h(p⊥)

e−p2

⊥/〈p2

⊥〉

π〈p2
⊥〉

, (2)

with

N T
q (x) = NT

q xα(1 − x)β (α + β)(α+β)

ααββ
, NC

q (z) = NC
q zγ(1 − z)δ (γ + δ)(γ+δ)

γγδδ
,(3)

h(p⊥) =
√

2e
p⊥
Mh

e−p2

⊥/M2

h , (4)

and −1 ≤ NT
q ≤ 1, −1 ≤ NC

q ≤ 1. We assume 〈k2
⊥〉T = 〈k2

⊥〉. The helicity distribution
∆q(x) is taken from Ref. [10].

Table 1 contains the results of the best fit to the new data sets, Refs. [4, 5, 6]. In
Fig. 1, our present results for the transversity distribution and the Collins fragmentation
function are compared to those of our previous extraction, Ref. [3]; Fig. 2 shows the fits
to the HERMES [4] and COMPASS [5] data, while Fig. 3 shows the fit to the BELLE A12

asymmetry data and the predictions for the BELLE A0 asymmetry [6] (notice that we do
not include the A0 data in the fit, as the two sets of BELLE data are not indepedent; the
consequences of fitting A0 instead of A12 are presently under investigation).

Finally, in Fig. 4, we show our estimates for COMPASS and JLab experiments operating
on proton target. Notice that JLab results will give important information on the range
of large x−values, which is left basically unconstrained by the present SIDIS data from
HERMES and COMPASS. Our large−x estimates are based on an extrapolation of the
transversity distribution function into an unexplored region of x, and consequently must be
taken with some care.

The first x-moments of the transversity distribution – related to the tensor charge, and
defined as ∆T q ≡

∫ 1
0 dx∆T q(x) – are found to be ∆T u = 0.59+0.14

−0.13, ∆T d = −0.20+0.05
−0.07 at

Q2 = 0.8 GeV2.
From this preliminary analysis, we conclude that the inclusion of the new data sets [4, 5, 6]

improves our determination of the transversity distribution and Collins FFs, as can be seen

DIS 2008

Anselmino et al., arXiv:0807.0173
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Tensor charge: extremes
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Collins asymmetry, b space analysis

27

It is important to note that the factor 1/R4 stems from the Gaussian width of the functions H⊥
1 (z, k2

T ) to be
used in this expression. Therefore, it is not dependent on the scale Q as discussed above already.

Putting everything together Eq. (155) can be transformed into

A(QT ) =

∑

a Ka
3 (y)H⊥a

1 (z1) H⊥a
1 (z2)

4M4R4
∑

b Kb
1(y)Db

1(z1) Db
1(z2)

A(QT ) =

∑

a Ka
3 (y) H⊥(1)a

1 (z1) H⊥(1)a
1 (z2)

∑

b Kb
1(y) Db

1(z1) Db
1(z2)

A(QT ), (162)

where

A(QT ) ≡ M2

∫ ∞
0 db b3 J2(bQT ) Ũ(b∗; Q0, αs(Q0)) exp (−S(b∗, Q, Q0)−SNP (b, Q/Q0))
∫ ∞
0 db b J0(bQT ) Ũ(b∗; Q0, αs(Q0)) exp (−S(b∗, Q, Q0)−SNP (b, Q/Q0))

. (163)

We will employ this expression in combination with Eqs. (143), (144) and (149), dropping the finite terms Fi, but
including the one-loop running of αs. As the replacement of Eq. (150) turns out to have only a minor effect in
this expression, in contrast to the DLLA expression, it will not be included.

In Fig. 5 the asymmetry factor A(QT ) is given at the scales Q = 10 GeV and Q = 90 GeV, in order to compare
the results for the BELLE and LEP1 scales. The solid curves are obtained with the method explained here,

0

0.5

1

1.5

2

0 1 2 3 4 5

A

QT [GeV]

Q=10 GeV

Q=90 GeV

FIG. 5: The asymmetry factor A(QT ) (in units of M2) at Q = 10 GeV and Q = 90 GeV. The solid curves are obtained
with the method explained in the text; the dashed-dotted curves are from the earlier analysis of Ref. [64].

whereas the dashed-dotted curves are the results obtained from the analysis of Ref. [64], where µ = 1/b was
employed and the scale dependence of the fragmentation functions was ignored. One observes a reduction w.r.t.
earlier results, but the large Sudakov suppression with increasing Q remains equally strong, i.e. approximately
1/Q. The DLLA result (not displayed) decreases more slowly, but as said it becomes a worse approximation as
Q2 increases.

The cos 2φ asymmetry has been studied using DELPHI data (
√

s = MZ) and the magnitude was found to be
small [7]. This may have several reasons, one of which could be the Sudakov suppression discussed here. In that
case a small result at LEP1 energy does not imply that also at BELLE the asymmetry has to be small. In Ref.
[80] a comparison is made of the Collins functions extracted from the DELPHI and BELLE data (here it should
be emphasized that the DELPHI data analysis remains preliminary and does not consider possible systematic
effects). At higher Q2 the extraction of the Collins function from a tree level expression becomes less accurate,
as we will discuss in the next subsection. Therefore, it would be interesting to also compare the asymmetries
directly (rather than the extracted Collins functions). This could serve as a check of the Q2 dependence of the
asymmetry as a whole and thus of the CS formalism.

Of course, one also wants to compare to Collins effect asymmetries in SIDIS at lower energies (e.g. for HERMES
〈Q2〉 = 2.41 GeV2). The question is what to do at smaller values of Q2? The logarithms that are resummed in
the CS formalism are not that large to begin with and neither is the relevant b-range (set by Q0 and Q). In this
case one can set Q0 = Q, which means S(b, Q, Q) = 1 and SNP (b) Q2-independent, and consider QT ∼ M . A
reduction to the tree level form occurs up to small logarithmic corrections of order αs(Q2) log Q2

T /Q2. Tree level
analyses should yield reasonable results in this case.

28

C. Comparison to tree level

We will compare the above result for Q = 10 GeV with the tree level result (cf. Eq. (62)). In the tree level
expression for the asymmetry it is important to keep Gaussians in numerator and denominator different, in order
to ensure the bound given in Eq. (153) is satisfied and an asymmetry is obtained that falls off at larger QT .
The tree level expressions for A(QT ) and A(QT ) will be denoted by A(0)(QT ) and A(0)(QT ). They are given by
(ignoring electroweak interference effects for simplicity)

A(0)(QT ) =
Q2

T R2 exp(−R2Q2
T /2)

4M2R2
u exp(−R2

uQ2
T /2)

sin2 θ2

1 + cos2 θ2

∑

a e2
a H⊥a

1 (z1) H⊥a
1 (z2)

∑

b e2
b Db

1(z1) Db
1(z2)

, (164)

and

A(0)(QT ) = exp
[

−(R2 − R2
u)Q2

T /2
]

M2Q2
T R6/R2

u. (165)

In Fig. 6 we have displayed the comparison of A(QT ) at Q = 10 GeV and the tree level quantity A(0)(QT ) using
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2
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2
= 3/2*Ru

2

Sudakov

FIG. 6: The asymmetry factor A(QT ) at Q = 10 GeV (solid curve) and the tree level quantityA(0)(QT ) using R2
u = 1GeV−2

and R2/R2
u = 3/2. Both factors are given in units of M2.

the values R2
u = 1 GeV−2 and R2/R2

u = 3/2, which were chosen such as to minimize the magnitude of A(0)(QT ),
cf. [64] for further discussion. We conclude that inclusion of Sudakov factors has the effect of suppressing the
tree level result roughly by a factor of 5, whereas for Q = 90 GeV it is more than an order of magnitude. Tree
level extractions of the Collins function at large Q2 therefore can significantly underestimate its actual magnitude
(roughly by the square-root of the Sudakov suppression factor of the asymmetry). It is important to keep this in
mind when comparing predictions or fits of transverse momentum dependent azimuthal spin asymmetries based
on tree level expressions applied at different energies.

The above also shows that upon including Sudakov factors one retrieves parton model or tree level characteristics
(also noted in Ref. [75]), but with transverse momentum spreads that are significantly larger than would be
expected from intrinsic transverse momentum (this is supported by the presently available parameterizations of
SNP in various processes, which usually have Gaussian b-dependence with widths that increase with Q2, cf. e.g.
[81]).

D. Nonperturbative Sudakov factor from BELLE

Since the previous results depend on the input for the nonperturbative Sudakov factors SNP , which (as a
function of z1, z2) is not determined for the process e+e− → h1 h2 X , the numerical conclusions about the size
and Q2 dependence of the suppression should be viewed as generic, not as precise predictions. Therefore, we would
like to stress the need for an extraction of the nonperturbative Sudakov factor from the process e+e− → h1 h2 X .

D. Boer, NPB 806 (08)
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Cos 2ϕ
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TMD convolution (low transverse momentum)

F cos 2φh

UU = C
[
−

2
(
ĥ ·kT

) (
ĥ ·pT

)
− kT ·pT

MMh
h⊥1 H⊥

1

]
,

Collins functionBoer-Mulders function

h⊥1 =
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Expected mismatch at high trans. momentum

M2 Q2
q2
T

The leading terms in the two expansions
CANNOT and MUST not match!

Two distinct mechanisms are involved 

B

Q2

A M2

q4
T

F cos 2φh

UU

0 1 2 3 4

unweighted

F cos 2φh

UU

q2
T (GeV2)
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Cos 2ϕ  asymmetry

0 1 2 3 40 1 2 3 4 q2
T (GeV2)

〈cos 2φh〉
q2
T

Q2

M2

q2
T

Boer-Mulders effect

Can be calculated 
with pQCD

Nonperturbative twist-4
no factorization, only models
(Cahn twist-4?)

needs resummation, not simply extend pQCD
see also Berger, Qiu, Rodriguez-Pedraza, PRD76 (07)

Similarly for Drell-Yan Boer-Mulders measurement 
and Belle Collins measurement 
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Complications of a full-fledged analysis

• Isolate Boer-Mulders effect

• Take into account convolutions 
(usually Gaussian)

• Take properly into account 
experimental errors

• Take into account Sudakov form 
factors (probably working in b 
space)

Nevertheless...
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Boer-Mulders extraction (?) in pD scattering

 

4:5 GeV<Q< 9 GeV and

10:7 GeV<Q< 15 GeV;

0:1< x1 < 0:9; 0:02< x2 < 0:24

We therefore use the above expressions for !pd!QT",
!pd!x1" and !pd!x2" in order to fit the experimental data
of ! vs QT , x1 and x2 in pD processes measured by E866/
NuSea Collaboration. We perform the fitting using the
MINUIT program. For the unpolarized distribution function
fq1 !x" we adopt the MRST2001 (LO set) parametrization
[45], with QCD evolution taken into account. We use
p2
unp # 0:25, following the choice in Ref. [46], a value

which was obtained by fitting the azimuthal dependence
of the SIDIS unpolarized cross section. Notice that these
values are assumed to be constant and flavor independent.

The best fitting values for the parameters are given in
Table I, and in Fig. 1 we show the fitting result compared
with the E866/NuSea data. Notice that the results for the
Boer-Mulders functions given in Table I are obtained for
the Drell-Yan process, and to obtain the corresponding
Boer-Mulders functions in SIDIS one should reverse their
signs [15]. Therefore our results agree with the expectation
that the Boer-Mulders functions for u and d quarks in
SIDIS are negative and have the same sign. We also want
to emphasize that the Boer-Mulders functions we extracted
are within a positive bound [47]

 

jpTh?1 !x;p2
T"j

M
$ f1!x;p2

T": (16)

We also find that at

 pT #
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
p2
unpp2

bm=!2!p2
unp % p2

bm""
q

# 0:45 GeV; (17)

the ratio pTh?1 !x;p2
T"=!Mf1!x;p2

T"" has its maximum for
all x. As an example, in Fig. 2 we show a comparison of
pTxh?1 !x;p2

T"=M and xf1!x;p2
T", for both u and d quarks at

pT # 0:45 GeV and Q # 1 GeV, and therefore we con-
clude that our results obey the positive bound for all pT .

As a cross check, we give results for the coefficient !
versus xF and m"" in pD Drell-Yan processes for E866/
NuSea, using the extracted Boer-Mulders functions and

TABLE I. Best fit values of the Boer-Mulders functions.

Hu 3.99
Hd 3.83
H !u 0.91
H !d %0:96
p2
bm 0.161

c 0.45
#2=d:o:f: 0.79

FIG. 1 (color online). Fits to the pT , x1, x2-dependent cos2$ asymmetries !pD for Drell-Yan processes. Data are from the FNAL
E866/NuSea collaboration.

FIG. 2 (color online). Comparison of jpTxh?1 !x;p2
T"j=M and

xf1!x;p2
T" for u and d quarks at pT # 0:45 GeV and Q #

1 GeV. Here f1 is a combination of valence and sea quark
distributions.
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4:5 GeV<Q< 9 GeV and

10:7 GeV<Q< 15 GeV;

0:1< x1 < 0:9; 0:02< x2 < 0:24

We therefore use the above expressions for !pd!QT",
!pd!x1" and !pd!x2" in order to fit the experimental data
of ! vs QT , x1 and x2 in pD processes measured by E866/
NuSea Collaboration. We perform the fitting using the
MINUIT program. For the unpolarized distribution function
fq1 !x" we adopt the MRST2001 (LO set) parametrization
[45], with QCD evolution taken into account. We use
p2
unp # 0:25, following the choice in Ref. [46], a value

which was obtained by fitting the azimuthal dependence
of the SIDIS unpolarized cross section. Notice that these
values are assumed to be constant and flavor independent.

The best fitting values for the parameters are given in
Table I, and in Fig. 1 we show the fitting result compared
with the E866/NuSea data. Notice that the results for the
Boer-Mulders functions given in Table I are obtained for
the Drell-Yan process, and to obtain the corresponding
Boer-Mulders functions in SIDIS one should reverse their
signs [15]. Therefore our results agree with the expectation
that the Boer-Mulders functions for u and d quarks in
SIDIS are negative and have the same sign. We also want
to emphasize that the Boer-Mulders functions we extracted
are within a positive bound [47]

 

jpTh?1 !x;p2
T"j

M
$ f1!x;p2

T": (16)

We also find that at

 pT #
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
p2
unpp2

bm=!2!p2
unp % p2

bm""
q

# 0:45 GeV; (17)

the ratio pTh?1 !x;p2
T"=!Mf1!x;p2

T"" has its maximum for
all x. As an example, in Fig. 2 we show a comparison of
pTxh?1 !x;p2

T"=M and xf1!x;p2
T", for both u and d quarks at

pT # 0:45 GeV and Q # 1 GeV, and therefore we con-
clude that our results obey the positive bound for all pT .

As a cross check, we give results for the coefficient !
versus xF and m"" in pD Drell-Yan processes for E866/
NuSea, using the extracted Boer-Mulders functions and

TABLE I. Best fit values of the Boer-Mulders functions.

Hu 3.99
Hd 3.83
H !u 0.91
H !d %0:96
p2
bm 0.161

c 0.45
#2=d:o:f: 0.79

FIG. 1 (color online). Fits to the pT , x1, x2-dependent cos2$ asymmetries !pD for Drell-Yan processes. Data are from the FNAL
E866/NuSea collaboration.

FIG. 2 (color online). Comparison of jpTxh?1 !x;p2
T"j=M and

xf1!x;p2
T" for u and d quarks at pT # 0:45 GeV and Q #

1 GeV. Here f1 is a combination of valence and sea quark
distributions.
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Zhang, Lu, Ma, Schmidt, PRD77 (08)

•modulo overall factor 
•no errors
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A different study

Barone, Prokudin, Ma, PRD78 (08)

azimuthal dependence of the unpolarized SIDIS cross
section: hp2

Ti ¼ 0:20 GeV2.
The values of the parameters as determined in the fit of

Ref. [44] are listed in Table II.
Finally, we need the ordinary unpolarized distribution

and fragmentation functions, f1ðxÞ and D1ðzÞ, appearing
both in the nonperturbative and in the perturbative contri-
butions. They are taken from the GRV98 [45] and the
Kretzer [46] parametrizations, respectively.

IV. RESULTS AND PREDICTIONS FOR hcos2!i
To start with, we compare our results with the avail-

able large-Q2 data from the ZEUS collaboration (positron-
proton collisions at 300 GeV) [13]. The integrations are
performed over the following experimental ranges:

0:01< x< 0:1; 0:2< y< 0:8; 0:2< z < 1:0:

(35)

As shown in Fig. 4, we find quite a good agreement
with the data. Notice that the average Q2 value, hQ2i ’
750 GeV2, is such that the asymmetry is completely domi-
nated by the perturbative contribution.

In order to highlight the effect of the nonperturba-
tive contributions (Boer-Mulders and higher twist) one
has to probe the kinematical region corresponding to PT <
1 GeV and Q2 of order of few GeV2, where the gluon
emission is quite irrelevant. Such a testing ground is in-

vestigated at the HERMES, COMPASS, and JLAb facili-
ties. We now turn to our predictions for these experiments.
In Fig. 5, we plot hcos2!i for "þ and "% production at

HERMES, as a function of one variable at a time, x, z and
Pcut
T ; the integration over the unobserved variables has been

performed over the measured ranges of the HERMES
experiment,

Q2 > 1 GeV2; W2 > 10 GeV2;

PT > 0:05 GeV 0:023< x < 0:4;

0:2< z < 0:7; 0:1< y < 0:852< Eh < 15 GeV:

(36)

In these kinematical regions the cross section is dominated
by #ð0Þ. An interesting feature of the asymmetry is that the
Boer-Mulders contributions to "þ and "% production are
opposite in sign. In fact, we have

hcos2!i"þ
BM & e2uh

?u
1 ðxÞH?fav

1 ðzÞ þ e2dh
?d
1 ðxÞH?unf

1 ðzÞ;
hcos2!i"%

BM & e2uh
?u
1 ðxÞH?unf

1 ðzÞ þ e2dh
?d
1 ðxÞH?fav

1 ðzÞ;
(37)

and, as far asH?unf
1 ðzÞ ’ %H?fav

1 ðzÞ [44], one gets different
signs for the Boer-Mulders effect for positive and negative
pions. Another important finding is the quantitative rele-
vance of the higher-twist (Cahn) component of hcos2!i.
This contribution, which is positive, is the same for "þ

and "%, if the kT-dependence of the quark distributions
is flavor-independent (and assuming exact factorization of
the fragmentation functions in z and pT). Thus the asym-
metry resulting from the combination of the Boer-Mulders
and Cahn contributions turns out to be larger for "% than
for "þ. We conclude that a difference between hcos2!i"%

and hcos2!i"þ
is a clear signature of the Boer-Mulders

effect. This is a definite prediction, to be checked experi-

TABLE II. Best values of the favored and unfavored Collins
fragmentation functions.

Collins AC
fav ¼ 0:41' 0:91 AC

unf ¼ %1:00' 0:96
fragmentation $ ¼ 1:04' 0:38 % ¼ 0:13' 0:25
function hp2

Ti ¼ 0:2 GeV2 M2
C ¼ ð0:71' 0:65Þ GeV2
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FIG. 4 (color online). Our prediction for hcos2!i in charged
pion production at ZEUS, compared with the data. The asym-
metry is completely dominated by the perturbative contribution.

 >φ
< 

co
s 

2
 >φ

< 
co

s 
2

x z  (GeV)cut
TP

-0.05

0

0.05

+π HERMES

0 0.1 0.2 0.3 0.4

-0.05

0

0.05

-π

0.4 0.6 0.8 0.5

FIG. 5 (color online). Our prediction for the cos2! asymmetry
at HERMES. The dot-dashed line is the Oð&sÞ QCD contribu-
tion, the dotted line is the Boer-Mulder contribution, the dashed
line is the higher-twist Cahn contribution. The continuous line is
the resulting asymmetry taking all contributions into account.
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tensor magnetic moment have been estimated by a lattice
calculation in Ref. [34] and are found to be !u

T ’ 3, !d
T ’

1:9. Thus, at variance with f?1T , we expect the u and the d
components of h?1 to have the same sign, and, in particular,
to be both negative (this qualitative expectation is also sup-
ported by large-Nc arguments [35] and by various model
calculations [36–39]). Inserting the values of !q and !q

T in
(23), one has

h?u
1 ¼ 1:80f?u

1T ; h?d
1 ¼ "0:94f?d

1T (24)

Thus the u component of h?1 is about twice as large as the
corresponding component of f?1T , while the d components
of h?1 and f?1T have approximately the same magnitude and
opposite sign. To parametrize the Boer-Mulders function
we use the Ansatz (24) and get the Sivers function from a
fit of single-spin asymmetry data [40]. The parametrization
of Ref. [40] for f?1T is

f?q
1T ðx; k2TÞ ¼ "qðxÞ#ðkTÞfq1 ðx; k2TÞ; (25)

where

"qðxÞ ¼ Aqx
aqð1" xÞbq ðaq þ bqÞðaqþbqÞ

a
aq
q b

bq
q

; (26)

#ðkTÞ ¼
2MM0

k2T þM2
0

& (27)

Here Aq, aq, bq, and M0 are free parameters, fq1 ðx; kTÞ is
the kT-dependent unpolarized distribution function, which
we assume to have a Gaussian behavior in kT :

fq1 ðx; k2TÞ ¼ fq1 ðxÞ
e"k2T=hk2T i

$hk2Ti
: (28)

Notice that f?1T , being a quark spin asymmetry, must satisfy
a positivity bound [41]. This bound is automatically ful-
filled by the parametrization of Ref. [40], we also checked
that our Boer-Mulders functions satisfy their own posi-
tivity constraint [41]. The average value of the intrinsic
transverse momentum of quarks is taken from the SIDIS fit
of Ref. [42], and is given by hk2Ti ¼ 0:25 GeV2. This
value is assumed to be constant and flavor-independent.
It is worth recalling that the Gaussian behavior of
kT-dependent distribution functions is supported by a re-
cent lattice study [43], which finds a root mean squared
transverse momentum very close to the one determined in
Ref. [42] and used here. The fitted parameters in Eqs. (26)
and (27) are given in Table I [40]. The resulting Boer-
Mulders functions are plotted in Fig. 3 for some represen-
tative x and kT values.

Let us now turn to the Collins function. We will distin-
guish the favored and the unfavored fragmentation func-
tions according to the following general relations

D$þ=u ¼ D$þ= !d ¼ D$"=d ¼ D$"= !u ' Dfav (29)

D$þ=d ¼ D$þ= !u ¼ D$"=u ¼ D$"= !d ¼ D$(=s ¼ D$(=!s

' Dunf : (30)

For the Collins function we use the parametrization of [44],
based on a combined analysis of SIDIS and eþe" data:

H?q
1 ðz; p2

TÞ ¼ "C
q ðzÞ#CðpTÞDq

1ðz; p2
TÞ; (31)

with

"C
q ðzÞ ¼ AC

q z
%ð1" zÞ& ð%þ &Þð%þ&Þ

%%&&
(32)

#CðpTÞ ¼
ffiffiffiffiffi
2e

p zMh

MC
e"p2

T=M
2
C : (33)

We let the coefficients AC
q to be flavor dependent (q ¼ u,

d), while all the exponents %, &, and the dimensional
parameter MC are taken to be flavor independent. The
parametrization is devised in such a way that the Collins
function satisfies the positivity bound (remember that
H?

1 is essentially a transverse momentum asymmetry). In
Eq. (31) D1ðz; p2

TÞ is the pT-dependent unpolarized frag-
mentation, that we take to be given by

Dq
1ðz; p2

TÞ ¼ Dq
1ðzÞ

e"p2
T=hp2

T i

$hp2
Ti

(34)

assuming the usual Gaussian behavior in pT . Again, the
average value of p2

T is taken from the fit of Ref. [42] to the

TABLE I. Best fit values of the parameters of the Sivers
function.

Au ¼ "0:32( 0:11 Ad ¼ 1:00( 0:12
au ¼ 0:29( 0:35 ad ¼ 1:16( 0:47
bu ¼ 0:53( 3:58 bd ¼ 3:77( 2:59
M2

0 ¼ 0:32( 0:25 GeV2
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FIG. 3 (color online). The Boer-Mulders functions for u and d
quarks used in this paper (solid curves). The dashed curves
represent the positivity bound [41].

SYSTEMATIC PHENOMENOLOGICAL STUDY OF THE . . . PHYSICAL REVIEW D 78, 045022 (2008)

045022-5

pQCD (cannot be 
extrapolated at low PT)

twist-4 (model)

Boer-Mulders

total
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Ways out

• Perturbative corrections are flavor independent: use proper ratios 
or difference to cancel them

• unlikely that it works for nonperturbative twist-4

• Exploit the relation, analogous to Lam-Tung in Drell-Yan

• may work also for nonperturbative twist-4

F cos 2φh

UU pert. = 2FUU,Lpert.
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Cosϕ
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Convolution

F cos φh

UU =
2M

Q
C
[
− ĥ ·kT

Mh

(
xh H⊥

1 +
Mh

M
f1

D̃⊥

z

)
− ĥ ·pT

M

(
xf⊥D1 +

Mh

M
h⊥1

H̃

z

)]

xf⊥ = xf̃⊥ + f1

xh = xh̃ +
p2

T

M2
h⊥1 .

twist-2 partpure twist-3 part

No reason to believe that twist-3 part is small!
(see Wandzura-Wilzcek breaking)
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Nevertheless...

F cos φh

UU ≈ 2M

Q
C
[
− ĥ ·pT

M
f1D1

]
.

Neglecting pure twist-3 and also T-odd...

see Cahn, PLB78 (89)
Anselmino et al., PRD71 (05)
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What do we know about the different pieces?

F cos φh

UU =
2M

Q
C
[
− ĥ ·kT

Mh

(
xh H⊥

1 +
Mh

M
f1

D̃⊥

z

)
− ĥ ·pT

M

(
xf⊥D1 +

Mh

M
h⊥1

H̃

z

)]

•dominant at high transverse momentum
•we know f1 and D1 pretty well

•vanishes if integrated over x
•peculiar behavior of Collins 
function

•vanishes if 
integrated over z
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Unexpected mismatch

Low Intermediate

0 1 2 3 4

Unexpected mismatch: same power behavior, but they don’t match
Problems with the formalism at low transverse momentum!

F cos φh

UU

1
QqT

q2
T (GeV2)
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Conclusion on unp. azimuthal modulations

• They are a bit messy

• More difficult at the moment to extract information

• Teach us to be aware of complications 
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“Education is what remains after one has 
forgotten everything he learned”

one of Anatoly’s favorite quotes

Thank you!
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