
Preliminary plan

1.Introduction

2.Inclusive and semi-inclusive DIS (structure functions)

Basics of collinear PDFs at tree level (definition, gauge link)

• Basics of collinear PDFs (interpretation)

• Basics of TMDs at tree level (definition, gauge link, interpretation)

• Basics of factorization

• Theory of TMDs: advanced topics

• Phenomenology of unpolarized SIDIS

• Phenomenology of polarized SIDIS
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Before starting: on light-cone vectors

n+ · n− = 1 n2
+ = n2

− = 0

qT · n− = 0 qT · n+ = 0 r =
q2
T

Q2
(q2

T ≤ 0)

Pµ = P+nµ
+ +

M2

2P+
nµ
−

Pµ
h = P−h nµ

− +
M2

h

2P−h
nµ

+

qµ = Pµ
h /zh − (1− r)xBPµ + qµ

T

Convenient choice for semi-inclusive DIS theory

Most of the time
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Before starting: on light-cone vectors

Pµ
h⊥ = −zhqµ

T − 2rzhxBPµ

y

z

x

hadron plane

lepton plane

l′
l ST

Ph

Ph⊥
!h

!S
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Convenient frame

n+ =
1√
2
(1, 0, 0, 1) n− =

1√
2
(1, 0, 0,−1)

P+ =
Q

xB

√
2

P−h = zh
Q√
2

P

Ph

q

p
kQ!M, Mh, qT

z

t

n− n+
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Summary of last lecture
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Inclusive DIS

y

z

xlepton plane

l′
l ST !S

!(l) + N(P )→ !(l′) + X
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4 structure functions

dσ

dxB dy dφS
=

2α2

xByQ2

{(
1− y +

y2

2

)
FUU,T + (1− y) FUU,L + SLλe y

(
1− y

2

)
FLL

+ |ST |λe y
√

1− y cos φS F cos φs

LT

}
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P

q

Φ

l
l′

Cross section

d3σ

dxBdydφS
=

α2 y

2 Q4
Lµν(l, l′, λe) 2MWµν(q, P, S)

Hadronic tensor
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P

p

k

q

Φ

Hadronic tensor

2MWµν(q, P, S) ≈
∑

q

e2
q

1
2
Tr

[
Φ(xB , S) γ µγ+γν

]
.

Quark correlator
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Gauge link
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Gauge link
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Decomposition of correlator

Φ(x, S) =
1
2

{
f1γ

− + SL g1γ5γ
− + h1 γ5 S/T γ−

}

+
M

2P+

{
e + gT γ5 S/T + hL SL

[γ−, γ+]γ5

2

}
Twist 2

Twist 3

n/± = γ∓ =
1√
2
(γ0 ∓ γ3)
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Twist

• OPE: for local operators

twist = dimension - spin

for local operators, more directly related to the 
dynamics, less flexible

• Working redefinition: 

twist = 2 + power of M/P+

for nonlocal operators, more directly related to 
phenomenology, more flexible
                                        Jaffe hep-ph/9602236
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mini lecture series

“transverse thinking”:
 an introduction to TMDs

Alessandro Bacchetta

Part 3
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Interpretation of PDFs
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Interpretation of PDFs

Φ(x) = f1
n/+

2

Φ(x, S) =
1
2

{
f1 n/+ + SL g1γ5 n/+ + h1

[
S/T , n/+

]
γ5

2

}

Only unpolarized first
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Dirac matrices: an unusual representation

γ0 =





0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0



 , γ3 =





0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0



 ,

γ1 =





0 1 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0



 , γ2 =





0 i 0 0
i 0 0 0
0 0 0 −i
0 0 −i 0



 ,

γ5 =





1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1
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Good/Bad and Right/Left projectors

P+ = γ−γ+/2, PR = (1 + γ5)/2,

P− = γ+γ−/2, PL = (1− γ5)/2

PRP+ =





1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0



 , PLP+ =





0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0



 ,

PRP− =





0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1



 , PLP− =





0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0





Good
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The correlator as probability density matrix

R L

R

L

￭  Twist 2
 

Φγ0 =





f1 0 M
P+ e 0

0 f1 0 M
P+ e

M
P+ e 0 0 0

0 M
P+ e 0 0





∼ ψi P
〉〈

P ψ†
j

⃞  Twist 3
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Pictures of the “good” stuff only
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Twist 2 PDFs with polarization

R L

R

L




f1 + g1 0

0 f1 − g1





SL = +1

R L

R

L




f1 h1

h1 f1





Sx = +1

R L

R

L




f1 0

0 f1





S = 0
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In transversity basis

χ+ =
(

1
0

)
χ− =

(
0
1

)

χ↑ =
1√
2
(χ+ + eiφsχ−) =

1√
2

(
1

eiφs

)
χ↓ =

1√
2
(χ+ + ei(φs+π)χ−) =

1√
2

(
1

−eiφs

)
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In x-transversity basis

↑ ↓

↑

↓

Sx = +1




f1 + h1 0

0 f1 − h1
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A short note on gT

Φ(x, Sx)γ0 =
1
2

{
f1γ

− + SL g1γ5γ
− − h1 ST γ5γ

1γ−
}

γ0

+
M

2P+

{
e− gT ST γ5γ

1 + hL SL
[γ−, γ+]γ5

2

}
γ0

γ5γ
−γ0 =

√
2

(
σ3 0
0 0

)

γ5γ
1γ−γ0 =

√
2

(
σ1 0
0 0

)

γ5γ
1γ0 =

√
2

(
0 σ1

σ1 0

)

This might be relevant for the discussion of the Bakker-Trueman-Leader 
transverse angular momentum sum-rule (PRD 70 (04))

http://www.ts.infn.it/eventi/transversitySR/
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Back to the structure functions
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Results for inclusive DIS

FUU,T = xB

∑

a

e2
a fa

1 (xB)

FUU,L = 0

FLL = xB

∑

a

e2
a ga

1 (xB)

F cos φS

LT = −γxB

∑

a

e2
a ga

T (xB)

2MWµν(q, P, S) ≈
∑

q

e2
q

1
2
Tr

[
Φ(xB , S) γ µγ+γν

]
.

Wednesday, May 27, 2009



Semi-inclusive DIS and TMDs: 
what is different?
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Semi-inclusive DIS

!(l) + N(P )→ !(l′) + h(Ph) + X,

y

z

x

hadron plane

lepton plane

l′
l ST

Ph

Ph⊥
!h

!S

A.B., D’Alesio, Diehl, Miller, PRD70 (04)
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18 structure functions

see e.g. AB, Diehl, Goeke, Metz, Mulders, Schlegel, JHEP093 (07)

FUU,T (x, z, P 2
h⊥, Q2)

dσ

dx dy dφS dz dφh dP 2
h⊥

=
α2

x y Q2

y2

2 (1− ε)

{
FUU,T + ε FUU,L +

√
2 ε(1 + ε) cos φh F cos φh

UU + ε cos(2φh) F cos 2φh

UU

+ λe

√
2 ε(1− ε) sin φh F sin φh

LU + SL

[
√

2 ε(1 + ε) sin φh F sin φh

UL + ε sin(2φh)F sin 2φh

UL

]

+ SL λe

[
√

1− ε2 FLL +
√

2 ε(1− ε) cos φh F cos φh

LL

]

+ ST

[
sin(φh − φS)

(
F sin(φh−φS)

UT,T + ε F sin(φh−φS)
UT,L

)
+ ε sin(φh + φS) F sin(φh+φS)

UT

+ ε sin(3φh − φS) F sin(3φh−φS)
UT +

√
2 ε(1 + ε) sin φS F sin φS

UT

+
√

2 ε(1 + ε) sin(2φh − φS) F sin(2φh−φS)
UT

]
+ ST λe

[
√

1− ε2 cos(φh − φS) F cos(φh−φS)
LT

+
√

2 ε(1− ε) cos φS F cos φS

LT +
√

2 ε(1− ε) cos(2φh − φS) F cos(2φh−φS)
LT

]}
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Correlation functions in SIDIS

2MWµν(q, P, S, Ph) = 2zh I
[
Tr(Φ(xB ,pT , S) γ µ ∆(zh,kT ) γν)

]

I
[
· · ·

]
≡

∫
d2pT d2kT δ(2)

(
pT +qT−kT

) [
· · ·

]
=

∫
d2pT d2kT δ(2)

(
pT−

P h⊥
z
−kT

) [
· · ·

]

Only at low transverse momentum P 2
h⊥ ! Q2

P

Ph

q

p

k

Φ

∆

Φ

∆
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Integrated vs unintegrated correlators

Φij(x, S) =
∫

d2pT Φij(x,pT )

=
∫

dξ−

2π
eip·ξ〈P, S ψ̄̄j(0)U[0,ξ] ψi(ξ) P, S

〉∣∣∣∣
ξ+=ξT =0

Φij(x,pT , S) =
∫

dp− Φ(p, P, S)
∣∣∣
p+=xP+

=
∫

dξ−d2ξT

(2π)3
eip·ξ〈P, S ψ̄̄j(0)U[0,ξ] ψi(ξ) P, S

〉∣∣∣∣
ξ+=0

ξ−

ξT

A+(η)
∣∣∣ η+ = ξ+ = 0

ηT = ξT = 0

A+(η)
∣∣∣ η+ = ξ+ = 0

ηT = ξT
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Gauge link for TMDs

ξ−

ξT

Φij(x, pT ) =
∫

dξ−d2ξT

8π3
eip·ξ〈P |ψ̄j(0)U[0,ξ]ψi(ξ)|P 〉

∣∣∣∣
ξ+=0

ξ−

ξT

ξ−

ξT

SIDIS

Drell‐Yan

pp to hadrons

U[+]

U[−]

U[!]U[+]

+ several others
Bomhof, Mulders, Pijlman, PLB 596 (04) 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Unintegrated correlation functions and TMDs
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Parton distribution functions

If we keep only the leading terms in 1/P+ (leading twist)

Φ(p, P ) ≈ P+ (A2 + xA3) n/+ + P+ i

2M

[
n/+, p/T

]
A4,

Φ(x, pT ) ≡
∫

dp−Φ(p, P ) =
1
2

{
f1 n/+ + ih⊥1

[
p/T , n/+

]

2M

}
.

Here we introduced the parton distribution functions

f1(x, p2
T ) = 2P+

∫
dp− (A2 + xA3) , h⊥1 (x, p2

T ) = 2P+

∫
dp− (−A4) .
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A twist on twist

OPE: for local operators 
twist = dimension - spin

TMDs: “working redefinition” 
twist = 2 + power of M/P+ 

When we expand TMDs in local 
operators, every time we take a 

transverse moment, we increase the twist
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An example

1
2
Tr[Φγ+γ5] =

1
(2π)4

∫
d4ξ eip·ξ〈P, S ψ̄̄j(0)γ+γ5 ψi(ξ) P, S

〉

1
2

∫
dp−Tr[Φγ+γ5] = . . .

〈
P, S ψ̄̄j(0)γ+γ5 ψi(ξ) P, S

〉
= SL g1(x, p2

T )−pT · ST

M
g1T (x, p2

T )

1
2

∫
dp−d2pT Tr[Φγ+γ5] = . . .

〈
P, S ψ̄̄j(0)γ+γ5 ψi(ξ) P, S

〉
= SL g1(x)

1
2

∫
dp−d2pT

pα
T

M
Tr[Φγ+γ5] = . . .

〈
P, S ψ̄̄j(0)iδTαγ+γ5 ψi(ξ) P, S

〉
= Sα

T g(1)
1T (x)

1
2

∫
dp−d2pT

pα
T

M

pβ
T

M
Tr[Φγ+γ5] = . . .

〈
P, S ψ̄̄j(0)δTαδTβγ+γ5 ψi(ξ) P, S

〉
= SLgαβg(1)

1 (x)

twist 2

twist 3

twist 4
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To summarize

When I try to connect a TMD with a local operator, I need to take pT 
moments and I increase the twist. 

This is not due to the nature of the TMD, but to the fact that I have 
to take pT moments of it.

Therefore, I’m still happy with the
working definition of twist

Wednesday, May 27, 2009



Collinear PDFs and TMDs

Φ(x) =
1
2

{
f1 n/+ + SL g1γ5 n/+ + h1

[
S/T , n/+

]
γ5

2

}

Φ(x, pT ) =
1
2

{
f1 n/+ − f⊥1T

ερσ
T pTρSTσ

M
n/+ + SL g1Lγ5 n/+ − g1T

pT · ST

M
γ5 n/+

+ h1T

[
S/T , n/+

]
γ5

2
+ SL h⊥1L

[
p/T , n/+

]
γ5

2M

− h⊥1T
pT · ST

M

[
p/T , n/+

]
γ5

2M
+ i h⊥1

[
p/T , n/+

]

2M

}

f1(x)

f1(x, p2
T )
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The correlator as probability density matrix

Φγ0 =





f1 i (px+ipy)
M h⊥1 0 0

−i (px−ipy)
M h⊥1 f1 0 0

0 0 0 0

0 0 0 0





∼ ψi P
〉〈

P ψ†
j

R L

R

L

• Probabilistic interpretation
• Positivity bounds
• Need of orbital angular momentum AB, M. Boglione, A. Henneman, P.J. Mulders, PRL 85 (00)
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In x-transversity basis

Φγ0 =





f1 − py

M h⊥1 ipx

M h⊥1 0 0

−ipx

M h⊥1 f1 + py

M h⊥1 0 0

0 0 0 0

0 0 0 0





∼ ψi P
〉〈

P ψ†
j

↑ ↓

↑

↓

χ+ =
(

1
0

)
χ− =

(
0
1

)

χ↑ =
1√
2

(
1
1

)
χ↓ =

1√
2

(
1
−1

)
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TMDs and their probabilistic interpretation

TMDs in black survive transverse‐momentum integra<on
TMDs in red are T‐odd

quark pol.

U L T
nu

cl
eo

n
po

l.
U f1 h⊥1

L g1L h⊥1L

T f⊥1T g1T h1, h⊥1T

Twist-2 TMDs
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TMDs and their probabilistic interpretation

f1 =

g1 =

h1 =

f⊥1T =

h⊥1 =

h⊥1T =

h⊥1L =

g1T =

parton with transverse or longitudinal spin

parton transverse momentum

nucleon with transverse or longitudinal spin
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Back to the structure functions
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Starting formula

2MWµν(q, P, S, Ph) = 2zh I
[
Tr(Φ(xB ,pT , S) γ µ ∆(zh,kT ) γν)

]

I
[
· · ·

]
≡

∫
d2pT d2kT δ(2)

(
pT +qT−kT

) [
· · ·

]
=

∫
d2pT d2kT δ(2)

(
pT−

P h⊥
z
−kT

) [
· · ·

]

P

Ph

q

p

k

Φ

∆
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18 structure functions

see e.g. AB, Diehl, Goeke, Metz, Mulders, Schlegel, JHEP093 (07)

dσ

dx dy dφS dz dφh dP 2
h⊥

=
α2

x y Q2

y2

2 (1− ε)

{
FUU,T + ε FUU,L +

√
2 ε(1 + ε) cos φh F cos φh

UU + ε cos(2φh) F cos 2φh

UU

+ λe

√
2 ε(1− ε) sin φh F sin φh

LU + SL

[
√

2 ε(1 + ε) sin φh F sin φh

UL + ε sin(2φh)F sin 2φh

UL

]

+ SL λe

[
√

1− ε2 FLL +
√

2 ε(1− ε) cos φh F cos φh

LL

]

+ ST

[
sin(φh − φS)

(
F sin(φh−φS)

UT,T + ε F sin(φh−φS)
UT,L

)
+ ε sin(φh + φS) F sin(φh+φS)

UT

+ ε sin(3φh − φS) F sin(3φh−φS)
UT +

√
2 ε(1 + ε) sin φS F sin φS

UT

+
√

2 ε(1 + ε) sin(2φh − φS) F sin(2φh−φS)
UT

]
+ ST λe

[
√

1− ε2 cos(φh − φS) F cos(φh−φS)
LT

+
√

2 ε(1− ε) cos φS F cos φS

LT +
√

2 ε(1− ε) cos(2φh − φS) F cos(2φh−φS)
LT

]}
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Unpolarized sector

FUU,T = C
[
f1D1

]
,

FUU,L = O
(

M2

Q2
,
q2
T

Q2

)
,

F cos φh

UU =
2M

Q
C
[
− ĥ ·kT

Mh

(
xh H⊥

1 +
Mh

M
f1

D̃⊥

z

)
− ĥ ·pT

M

(
xf⊥D1 +

Mh

M
h⊥1

H̃

z

)]
,

F cos 2φh

UU = C
[
−

2
(
ĥ ·kT

) (
ĥ ·pT

)
− kT ·pT

MMh
h⊥1 H⊥

1

]
,

C
[
wfD

]
=

∑

a

xe2
a

∫
d2pT d2kT δ(2)

(
pT−kT−P h⊥/z

)
w(pT ,kT ) fa(x, p2

T ) Da(z, k2
T ),
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Longitudinally polarized beam or/and target

F sin φh

LU = O
(

M

Q

)
,

F sin φh

UL = O
(

M

Q

)
,

F sin 2φh

UL = C
[
−

2
(
ĥ ·kT

) (
ĥ ·pT

)
− kT ·pT

MMh
h⊥1LH⊥

1

]
,

FLL = C
[
g1LD1

]
,

F cos φh

LL = O
(

M

Q

)
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Transversely polarized beam

F sin(φh−φS)
UT,T = C

[
− ĥ ·pT

M
f⊥1T D1

]
,

F sin(φh−φS)
UT,L = O

(
M2

Q2
,
q2
T

Q2

)
,

F sin(φh+φS)
UT = C

[
− ĥ ·kT

Mh
h1H

⊥
1

]
,

F sin(3φh−φS)
UT = C

[
2

(
ĥ ·pT

) (
pT ·kT

)
+ p2

T

(
ĥ ·kT

)
− 4 (ĥ ·pT )2 (ĥ ·kT )

2M2Mh
h⊥1T H⊥

1

]
,

F sin φS

UT = O
(

M

Q

)
,

F sin(2φh−φS)
UT = O

(
M

Q

)

Wednesday, May 27, 2009



Trasversely pol. target and long. pol. beam

F cos(φh−φS)
LT = C

[
ĥ ·pT

M
g1T D1

]
,

F cos φS

LT = O
(

M

Q

)
,

F cos(2φh−φS)
LT = O

(
M

Q

)
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Appendix
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Longitudinally polarized beam or/and target

F sin φh

LU =
2M

Q
C
[
− ĥ ·kT

Mh

(
xe H⊥

1 +
Mh

M
f1

G̃⊥

z

)
+

ĥ ·pT

M

(
xg⊥D1 +

Mh

M
h⊥1

Ẽ

z

)]
,

F sin φh

UL =
2M

Q
C
[
− ĥ ·kT

Mh

(
xhLH⊥

1 +
Mh

M
g1L

G̃⊥

z

)
+

ĥ ·pT

M

(
xf⊥L D1 −

Mh

M
h⊥1L

H̃

z

)]
,

F sin 2φh

UL = C
[
−

2
(
ĥ ·kT

) (
ĥ ·pT

)
− kT ·pT

MMh
h⊥1LH⊥

1

]
,

FLL = C
[
g1LD1

]
,

F cos φh

LL =
2M

Q
C
[
ĥ ·kT

Mh

(
xeLH⊥

1 −
Mh

M
g1L

D̃⊥

z

)
− ĥ ·pT

M

(
xg⊥L D1 +

Mh

M
h⊥1L

Ẽ

z

)]
,
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Transversely polarized beam

F sin(φh−φS)
UT,T = C

[
− ĥ ·pT

M
f⊥1T D1

]
,

F sin(φh−φS)
UT,L = O

(
M2

Q2
,
q2
T

Q2

)
,

F sin(φh+φS)
UT = C

[
− ĥ ·kT

Mh
h1H

⊥
1

]
,

F sin(3φh−φS)
UT = C

[
2

(
ĥ ·pT

) (
pT ·kT

)
+ p2

T

(
ĥ ·kT

)
− 4 (ĥ ·pT )2 (ĥ ·kT )

2M2Mh
h⊥1T H⊥

1

]
,

F sin φS
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Trasversely pol. target and long. pol. beam
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−2 (ĥ ·pT )2 − p2

T

2M2

(
xg⊥T D1 +

Mh

M
h⊥1T

Ẽ
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